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Abstract

The minimization of automaton is important to reduce space and computational time. Reduction in number of states and
transitions leads to equivalent automaton with less number of states and transitions. In this paper, state minimization of
General Finite Fuzzy Automata (GFFA) is discussed. To obtain minimal equivalent GFFA we have removed redundant
states and transitions using substitution property (SP) partition and quotient machine. The algorithm to find membership
values of states of the GFFA is described and algorithm to associate states with quotient machine to obtain minimal
machine with less number of states is discussed.

Keywords- General fuzzy automata, Minimal automata, Quotient machine, Substitution property partition.

1. Introduction

Zadeh (1965) introduced fuzzy set theory. The fuzzy automata were formalized by Wee (1967).
Fuzzy Finite State Automata is used in many areas such as pattern recognition, pattern
classifications, approximate string matching, lexical analysis etc. (Wee and Fu, 1969). The idea of
General Fuzzy Automata (GFA) was formalized by Doostfatemeh and Kremer (2005). They
identified the insufficiency in existing literature of fuzzy automata for assigning membership values
to states in case of simultaneous transitions. The two main issues were to assign membership value
to state after each transition and to resolve multi-membership value of a state due to simultaneous
or overlapping transitions.

Researchers are continuously interested in the subject of state minimization. The minimization of
states in automata reduces computational time of given automata. Several authors such as Ciric et
al. (2010), Lee (2000), Li and Qiu (2015), Malik et al. (1999), Santos (1972), Stamenkovic et al.
(2018), Topencharov and Peeva (1981) have given different methods of minimization to minimize
number of states of fuzzy automata. Some of the existing proposed algorithms are summarized in
Table 1. Malik et al. (1999) discussed the minimization of Fuzzy Finite Automata (FFA) to an
equivalent automaton if states are equivalent and proved that if there exists another equivalent FFA
then it is homomorphic to minimal FFA. The concept of partitioning of states by substitution
property in fuzzy finite state automata using quotient machine was introduced in Basak and Gupta
(2002). The minimized quotient machine was shown to be behaviourally equivalent to the given
fuzzy finite state automata.
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A lot of research was carried on General Fuzzy Automata, Intuitionistic Fuzzy Automata (Choubey
and Ravi, 2013), Intuitionistic General Fuzzy Automata (Shamsizadeh and Zahedi, 2016), topology
on General Fuzzy Automata (Horry and Zahedi, 2013), BL- General Fuzzy Automata (Abolpur and
Zahedi, 2012; Shamsizadeh and Zahedi, 2019) and General Fuzzy Finite Switchboard Automata
(Kavikumar et al., 2019). Shamsizadeh and Zahedi (2015) proposed Intuitionistic General Lattice
valued Fuzzy Automata (IGLFA) and discussed minimal IGLFA by generalized Myhill-Nerode
Theorem. Ignjatovic et al. (2018) discussed the equivalence of weighted finite automata with
outputs in respect of different semantics. Recently Dubey et al. (2020) introduced Quntale valued
fuzzy automata to study the existence of minimal Q-valued fuzzy automata. Balle and Rabusseau
(2020) proposed approximate minimization of weighted tree automata by converting it into its
canonical form. Ghorani and Moghari (2021) discussed the method for minimal lattice valued tree
automata with the help of solution of system of fuzzy polynomial equations.

Table 1. Summary of minimization algorithms for fuzzy finite automata.

Author

Algorithm

Method

Santos (1972)

Reduction  problem of maximin

sequential like machine

Constructing state-wise and composite-wise equivalence.

Malik et al. (1999)

Minimization of Fuzzy Finite Automata
(FFA)

Existence of equivalent FFA based on equivalent states
and proved equivalent FFA is homomorphic to minimal
FFA.

Lee (2000)

Minimization of FFA in canonical form.

Conversion of the FFA to canonical FFA and minimal
canonical fuzzy finite automata using equivalence
relation.

Basak and Gupta (2002)

Compute induced partition of states for
FFA.

Partitioning of states by k-equivalence using substitution
property (SP) partition.

Cheng and Mo (2004)

Minimization of Mealy type of FFA

Using equivalence relations of states.

Zhiwen and Xiaolei (2007)

Minimization of Mizumoto Automata
with fuzzy initial and fuzzy final states.

Conversion of Mizumoto automata to equivalent
canonical fuzzy automata by removing inaccessible
states.

Li and Pedrycz (2007)

Minimization of lattice valued finite
automata.

Obtained minimal corresponding deterministic lattice
finite automata by removing inaccessible states.

Peeva and Zahariev (2008)

Minimization for max-min fuzzy finite
machine.

Computing the behavior matrix to establish equivalence
of states.

Li and Qiu (2015)

Minimization of FFA.

Solvability of system of fuzzy polynomial equation and
condition of equivalence between two FFA.

Mendivil (2018)

Minimization of Fuzzy Finite Automata
using determinization method.

Brzozowski’s minimization procedure for fuzzy finite
automata.

This paper proposes state minimization of the GFFA using the concept of substitution property
(SP) partition (Bacon, 1964). Algorithms with pseudo code are examined to find membership value
of initial state designator and to compute induced partition of states. The quotient GFFA with
respect to the SP partition is obtained from induced partition. The quotient machine is behaviourally
equivalent to the given GFFA with minimum number of states.

Further sections are organized as follows: Section 2 describes the preliminaries. Section 3 proposes
GFFA with initial and final state designator for minimization. Section 4 explains the procedure to
find minimal GFFA (Figure 1) and demonstrate the results with the help of an example. Finally,
Section 5 contains conclusion.
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2. Preliminaries
We can find basics of fuzzy set and automata theory in Basak and Gupta (2002), Mizumoto et al.
(1969), Zadeh (1965).

The operation of maximum and minimum will be denoted by v and A, respectively. For any two
positive numbers p and g, pv q=max{p,q}, pAg=min{p,q}.

Fuzzy Matrix: For finite natural numbers M and n, a matrix C of order MXx N denoted as
C =[c;]suchthat 0<c; <1;1<i<m;1< j<n, iscalled a fuzzy matrix (Basak and Gupta,
2002; Tripathi and Kaur, 2019).

Product of Fuzzy Matrices (Basak and Gupta, 2002): Let C =[c;] be any mxn fuzzy matrix
and D =[d;] be any nx p fuzzy matrix. The product CD =[p,] is mx p fuzzy matrix,
where p, =v(c; Ad;) forall 1<i<m, 1<k <p.

J

Identical Row Max of Fuzzy Matrix (Basak and Gupta, 2002): Let C =[c;] be any mxn

fuzzy matrix. The row max of each row is the highest value of the elements of the row and identical
row max is ¢ = Vi, vc;.
J

Lemma 1 (Basak and Gupta, 2002): Let C = [cij] be any mxn fuzzy matrix having identical
rowmax C and D =[d jk] be any nx p fuzzy matrix having identical row max d; then CD has
identical row max c Ad, i.e. min{c,d}.

We have explained the product of fuzzy matrices and Lemma 1 with the help of Example 1.

Example 1: Consider two fuzzy matrices C and D of order 3x 3;

08 06 0.4 0.7 03 05
Cc=/07 05 08| D=/07 06 05].
04 08 0.7 04 0.7 0.6

identical row max for matrix C is Vi, vc; =0.8, identical row max for matrix D is
J

v, \k/djk =0.7.
0.7 06 05
Product of fuzzy matrices C and Dis, CD=|0.7 0.7 0.6]|.
0.7 07 06

By, Lemma 1 identical row max for matrix CD is Vi, M \k/\'/(cij ~dy)=084A07=0.7.
J
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Mizumoto et al. (1969) introduced fuzzy distribution in fuzzy automata and defined finite fuzzy
automata. They proved that efficiency of fuzzy automata can be improved by defining initial state
designator and assigning membership values to transition matrix.

Let > be a finite non-empty set of alphabets and X" be the set of all finite strings including null
string over . | X | denotes the length of string, where x € Y.".

Finite Fuzzy Automaton (FFA) (Basak and Gupta, 2002; Mizumoto et al., 1969; Zhiwen and
Xiaolei, 2007): An FFA over an input alphabet > is defined to be an algebraic system

A= (S,a,{MG ‘o€ Z},nf) where, S={s,s,,....s,} is set of N states.
a ={053110552 ,...,asn} is fuzzy row-vector of dimension N where, 0 < a, <1,1<k<n, called
the initial state designator. Every state of fuzzy finite automata A has membership value which
is represented by components of fuzzy row-vector a. Foreach o €2, M_ = (mij (0)), is fuzzy

transition matrix of order N on input o . The transition function is a fuzzy subset of Sx S whose

membership function has the value m; (o) at (s;,s;), where s;,5;€S. F < S denotes set of

final states. 77 = (17,,1,..1,)" is fuzzy column-vector of dimension N, where n; has value 1
if s, e Fand0if s, e S—F, called the final state designator.

Doostfatemeh and Kremer (2005) proposed General Fuzzy Automata (GFA). They addressed the
issue of assigning membership value to the active states and states having simultaneous transitions.

General Fuzzy Automaton (GFA) (Doostfatemeh and Kremer, 2005; Doostfatemeh and Kremer,

2006; Shamsizadeh and Zahedi, 2016): A GFA is considered as A= (S,Z,R,Z,g,a), F.F,),
where,

(1) S ={s,,S,,-..,S,} iIs afinite non-fuzzy set of states.

(ii) > is a finite non-fuzzy set of input symbols.

(iii) R < P(S) is set of fuzzy initial states, where P(S) is fuzzy power set of S.

(iv) Z ={b,,b,,...,b, }is afinite non-fuzzy set of output symbols.

(V) S is the augmented transition function that assigns membership values to next state in the
interval [0,1] using membership assignment function F,(z,0).

(vi) @:S — Z is the output function.

(vii) F :[01]x[0,1] —[0]1] is membership assignment function processed by augmented

transition function & to assign membership values to the active states. F (&) depends on
membership value 4 of predecessor state and weight of transition o such that

0 :Sx2xS —[0,1]. If there is a transition at time { from state s; to state S; on input @ then its
membership value is denoted as 4'(S;) = 5((Si,,ut’1(si)),a,sj) =F (17 (5)).6(s,,a,5;)).

(viii) F, :[0,1]" —[0,1] is multi-membership resolution function that determines the active states
with simultaneous transitions and assigns a single membership value to them.
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Generally, F,(u,5) can be taken as max(u, o), min(u, o) or (¢ +0)/2. Similar to F, many
operations are applicable to F,. A denotes the set of all transitions of GFA. The states are called
active states at time t if there is at least one transition on input symbol. Q,, (t =1), Vi >0 is the
fuzzy set of active states. Hence, Q. (t =0) =R s the active state set of fuzzy start states.

Q. (t=i)={(s,u"(s)):3s'€Q,, (t=i-1),Facy, §(s,a,s) e A}, Vix>1.

Doostfatemeh and Kremer (2005) proposed the multi membership resolution algorithm to find
membership value of the state s if simultaneous transition occurs at time t, using combined

operations of F, and F,.

Algorithm 1 (Doostfatemeh and Kremer, 2005): For a GFA A= (5,2, R, Z,8,m, F.,F,) with

simultaneous transitions the following algorithm assigns a single membership value to the active
state s, attimet.

1. F produces a membership value v; by processing transition weight o&(s;,a,,s,)and

(st =1 e v =6 ((s, ’,Util(si))’akism) = Fl(lutil(si)!é‘(si’ak’sm)) :

2. If the membership values v; obtained at time t —1, t >1 are not equal, they are determined by
F,.

3. F, assigns final membership value to the active state s at time { with N overlapping

transitionsi.e. 4'(S,) = Fy [vi1=Fory [F(72(S,),6(s;,2,,5,))].

3. General Finite Fuzzy Automata with Initial and Final State Designator
In this section we have extended GFA with the concept of fuzzy finite automata defined by
Mizumoto et al. (1969) and discussed minimization of General Finite Fuzzy Automata.

General Finite Fuzzy Automata with Initial and Final State Designator (GFFA): A GFFA
M ={5,2.R,Z, 5, o, {A@):aeX}, ., F oa.n’} is an eleven-tuple machine, where

(i) S={s,,s,,...,s,} is a finite non-fuzzy set of states.

(if) X is afinite non-fuzzy set of input symbols.

(iii) R = P(S) denotes set of fuzzy initial states, where P(S) is fuzzy power set of S.

(iv) £={6,,b,,...,6,} is afinite non-fuzzy set of output symbols.

~ Fi(u.6)
(v) 6:(Sx[01])x2xS — [0]] is an augmented transition function.
(vi)w: S — Z is the output function.
(vii) For each ae X, A(a) = (a;(a)) is a fuzzy transition matrix of order n on inputa.The

transition function is a fuzzy subset of SxS whose membership function has the value
o(s;,a,5;) = a;(a), where 5,5 € S.
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(viii) ‘F :[0,1]x[0,1] —[0,1] is membership assignment function applied through 5 to assign
membership values to the active states.

(ix) F,:[01] —[0,] is multi-membership resolution function which determines active states
with simultaneous transitions and assigns a final membership value to them.

X)) o :{asl,aSZ,...,aSn}is a fuzzy row-vector of dimension N, where Oéask <1,1<k<n,
called the initial state designator. Every state of M has membership value which is represented
by components of «.

xi) 77 =@, n,0..m, )" is a fuzzy column-vector of dimension N, where F is final states set
such that 77, has value 1if 5, € F and 0 if 5, € S— ‘F, called the final state designator.

For any string X € >, the transition matrix A(X) is defined recursively as:

1. A(A) =1, unit matrixand A is null string.
2. VxeX  aey, A(xa)=AX)A(Q).

The behaviour of a GFFA M refers to a fuzzy subset of >." denoted as B , with membership
function Vxe Mg (X) = A(X) n? =an” (x) where n7 (x) = A(X)n” .

Two GFFA's M and ‘M’ are said to be behaviourally equivalent if they accept same string with
same membership value i.e. 45 (x) = Hs, (x).

Partition: Consider a GFFA 3\71 with finite state set S. A partition 7 is a set that contains all
non-empty subsets of S such that every state of S is in exactly one of these subsets (Bacon, 1964).
These non-empty subsets are called the blocks of the partition.

Product of Partitions (Bacon, 1964): The product of two set partitions 7, and 7, is defined as
the set partition whose parts are the non-empty intersections between each part of 7, and each part
of 7,.

Substltutlon Property (SP) (Bacon, 1964): A partition 7 on the state set S in GFFA
M= {$,2, R 2, 5,0 {A@):aeX}, F, Fp.a,n’} issaid to have substitution property if for
every a2, every fuzzy sub-matrix obtained from transition matrix A(a) by blocks of partition
7 has identical row max. A partition 7z, refines the set of final states F , if each block of 7,
belongs to either F or S — F.

Equivalent States The states can be categorized based on their equivalence (Basak and Gupta,
2002). Let M ={S,>,R.Z,5,0.{A@):ac3}, F. F>.c.n’} be a GFFA. Two states s, and

s, of M are said to be equivalent, written as s, = s, iff for every string xe Y., 7 () has the

i I
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same i™ and jth entries. The partition induced by this equivalence relation will be denoted as 7 ,

called the induced partition for M.

k- Equwalent States (Basak and Gupta, 2002):
Let M={S,3,R,Z,5,0{A@):ac3} F T a,n”} be a GFFA. A state s; is said to be k-

equivalent to a states;, where k is a non-negative integer iff for any string X e > such that

| x|<k; 7% (x) hasthe same i"™ and j" entries and the partition of state set S induced by this k-
equivalence relation is denoted as r, .

Quotlent General Finite Fuzzy Automata: Consider a General Finite Fuzzy automata
M= {$,2,RZ, 5,0 {A@):aeX}, F, Fa,n”} and 7 be a SP partition that refines final
state set ‘F'. Then the quotient general finite fuzzy automata .’M/;rz{S’,Z,’R’,Z,& | o,
{A@):aeX}, . F.a' \n”} is a GFFA, where: S'={B,,B,,...B, } is the set of blocks of
partition 7z such that m = rank(z), i.e. number of non-zero rows in partition . For everya € >,

A'(a) isan mxm fuzzy matrix obtained by replacing each of the submatrices into which A(a)

is partitioned by the blocks of 7 with its constant row max. ' is the fuzzy row m-vector obtained
by replacing each of the sub-vectors into which « is partitioned by the blocks of 7z with its max.

' is the set of blocks of 7 partitioning F . For any xeY.', n7 (x) has identical elements

corresponding to each block of partition 7 and 77 (x) is a fuzzy column vector obtained by
replacing each of column sub-vectors with its constant element.

Theorem 3.1: If for a given General Finite Fuzzy Automata
M= {S$,2.R,Z, S, @ {A@):aeX}, . F. a,n’}, z isa partition satisfying substitution

property on state set S, then for any string x €Y. all the possible fuzzy sub-matrices of fuzzy
transition matrix A(x) partitioned by the blocks of partition 7z has identical row max.

Proof. We prove result using induction for length of string | x |= n

Let A(a)=(a;) be an nxn fuzzy transition matrix of M on input a2, 7 be a partition
satisfying substitution property on state setS .

1;i=]

Basis step: If n=0, then x =1, 1>, the transition matrix A(1) = {0 i
+

Clearly A(1) is partitioned by the blocks of 7 has identical row max 1.

If n=1 then xeX, = is a partition satisfying substitution property on state set S i.e.

r={S-FF}.
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A(x) = L=l
( )_{:uij; = J, 4 €[00]

Clearly A(x) is partitioned by the blocks of 7 has identical row max.

Induction  Hypothesis: ~ Assume the result is true for string of length
IX[En=-L4X=XX,..X,,, V XX and n>1.

The  fuzzy  transition — matrix — A(X) = A(X X, X, ;) = A% ) A(X,) .. A(X, ;) = (by)
1<i<n, 1< j<n is partitioned by the blocks of 7 has identical row max.

Induction Step: Now, we will prove theorem is true for string of length n ; | X|=n, Vx e > and
n>1.

Let X=Yya; y=XX,...X , With ye>;ae, suchthat|y|=n-1 |al=1.

A(x) = A(ya) = A(Y)A(@) = (b;)(@;) =(c;), 1<i<n 1< j<n (using lemma 1) is partitioned
by the blocks of 7 has identical row max.

Hence the proof.

Theorems for induced partition proved in Basak and Gupta (2002) can easily be proved for General
Finite Fuzzy Automata.

Theorem 3.2: For GFMA, M ={S,%, R, Z,5,0{A@): a3} . Fa.n”}.

1. Induced partition 7, refines set F of final states.
2. Induced partition 7, satisfies substitution property.
3. Induced partition 7, is the largest SP partition that refines F.

Minimal Machine: If 7, is the induced partition for GFFA M , then the quotient general finite
fuzzy automata f/l/ﬂf is called minimal machine of given GFFA ‘M, denoted by 17\7lmin.
Minimal Machine is equivalent to given GFFA denoted as M= .7\~/lmin.

4. Procedure

In this section, we have given procedure to find membership values of the states of General Finite
Fuzzy Automata. In Basak and Gupta (2002), the membership values of initial state designator

were taken as fixed values, but it may not be same every time. To find membership values of initial
state designator for General Finite Fuzzy Automata we have proposed Algorithm 4.1.
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Algorithm 4.1: For a given General Finite Fuzzy Automata with n states M ={S.,2, R,Z,5,

o, {A@):aeX}, E, . a,n’}, algorithm to compute membership values of initial state
designator « is given as:

Stepl: Consider all the elements of starting state set R=Q,,(t=0), where
Q.. (t=0)={(s,, 2 "(s,) =D} such that 1< k <n.

Step2: Assign i =1. Find length of string | Y |. If | Y |=| Y, Y,-..Y;...y, | then |y |=1.

Step3: Find all possible active states for input y, at t=t+1;1<i<l| and compute

1 (s;) = LR (' (5),8(si, ¥irs;))] where, s, is active state at time t+1 and s, is active
state at time 1.

Step4: Compute Q,, (t=t+1) :{(sj,,u”l(sj))| F6(s: Yirs;)H1< J<n and k = j.

Step5: Update membership values of states at time t=1i in initial state designator
a(ylyZ'“yl)[j]:lqu(sj)'

Step6: If i =1 end, else assign i =i+1 and go to step 3.

Algorithm 4.1 Pseudo Code

Input: Set of all states S, set of final states ', set of fuzzy initial states ‘R , number of total states
n, alphabet >, transition matrices A(a), Va € Y, augmented transition function 5 mapping
function ‘f,, mapping function ‘F,, input string Y .

Output: a(Yy)
initialize t < 0
initialize (1) <~ new Array of size n
for m<«1 to n do
if R contains s, then
a(A)[m] «1
else
a(A)[m] <0
end if
end for

initialize activeStateSet, <— R
set Q, (t=0) :{(Sk’/ltzo (5)=1),Vs, eR}
initialize | «|y|
initialize 1 <1
while true do
for each transition o(s,,Y;,s;) do
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if kK= j then
activeStateSet,, .add(s;)

end if
end for

for s, in activeStateSet,,, do

initialize 2" _ intermediateSet «<—newempty set

for s, in activeStaeSet, do

1" intermediateSet .add (]-I(,ut (50,05, Yins; )))
end for
p(s;) = F(u™ _intermediateSet)

Qu(t=t+1) (_{(Sj , /Jm(sj N}

end for

for j«1to n do
a(ylyz---yi)[j](_ﬂt+l(5j)

end for
if i =1 then
return a(y)
\\end
else
i—i+1
activeStateSet, <— activeStateSet,,;
t«t+1
end if
end while

Basak and Gupta (2002) proposed an algorithm to compute induced partition for given fuzzy finite
automata. We have extended the algorithm to compute induced partition for General Finite Fuzzy
Automata with initial and final state designator.

Algorithm 4.2: To compute the induced partition 7, for a given General Finite Fuzzy Automata
M={S,5,R,Z,5,0{A@):ae>} F. Fra.n’}:

Stepl: Compute initial partition from final and non-final states, 7z, ={S—F, ‘F} where [ is
set of final states and S — F is set of non-final states.

Step2: If | x|=0, for final state designator nf assign value 1 to final states and 0 to non-final
states. Assign | =1.
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Step3: If | X|=1; | XA X X,...X, |, xeX, compute 177 (X X,...%,) = A(X,) 77 (X,X5...%,) for
all possible string of length I.
Step4: Denote the partition 7, of state set S by dividing into blocks for which the entries of

A(%) 77" (X,X;...x,) are constant and compute partition 7, = [ [] [7,; X =%%,..X, .

XX |x|=I
Step5: Compute 7, = 71,,74.
Step6: If 77, = 7, then stop, it is the final partition 7, of state set S; else replace | by | +1
and go to step 3.

Algorithm 4.2 Pseudo Code
Input: Set of all states S, set of final states F , set of fuzzy initial states ‘R , number of total states

n, alphabet >, transition matrices A(a), Va € Y, input string X.

Output: Induced state partition 7 .
initialize 7z, ={S-F, }
initialize 777 (1) <— new Array of size n
fori<1to ndo

if JF contains s, then

n” (A)[i1«1
else
n” (A)[i1«0
end if
end for
| <1
while true do

forall xeY' do
177 (X) < ProductOfFuzzyMatrices (A(X,), 777 (X,X5...X,)) \\ see definition in section

end for

initialize etaHash <— new hashmap

for s «<—1to ndo

/' length of each column is equal to number of possible x strings

initialize columnMemberValue < Empty set of length | > |
initialize 1 <0
forall xeY'do
columnMemberValue[i] < 777 (X)[s]
<« i+1
end for
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if etaHash does not contains columnMemberValue then
initialize etaHash[columnMemberValue] < Empty set
etaHash[columnMemberValue].add({ s })
else
etaHash[columnMemberValue].add({ s })
end if
end for

7,, < etaHash.values()
7, =ProductOfPartitions (7, ;, 7, ;) \\ see definition in Section 2
if 7,, # 7, then

l < 1+1
else

Ty < 7,
end

end if
end while

4.1 Example
Consider a General Finite Fuzzy Automata with initial and final state designator

M={S.3>,R,Z,8,0{A@):ac >} F, F, c.n” }specified as:

S={s1,50 501 2 ={a,b}, R={(s,,1) (5,,)}, £ =9, 5 :augmented transition function, o :
no output function is considered, F ={s,, 5, 55, 5,91 S0} With transition matrices:

(1 03 0405 0 09 07 0 0 0
03 1 05 0 06 06 0 09 0
04 05 1 04 05 0 08 0 09 O
05 0 04 1 06 08 07 05 0 O
0 06 0506 1 0 0 08 05 O
09 06 0 08 0 1 05 0 07 08
07 0 08 07 0 05 1 05 0 O

09 0 0508 0 05 1 03 07
09 0 0507 0 03 1 O
0 0 0 08 0 07 O
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=D

1 04 05
04 1 08
05 08 1
06 0 06
07 03 07
08 07 08
06 08 05
0 0 04
03 0 07
0 06 0

A(@) = (a; (a));a; (a) = o(s;,a,s;)

minimum  function i.e.

0.6
0
0.6
1
0.8
0.6
0.5
0.4
0.5
0.6

0.7
03
0.7
0.8
1
0.4
0.3
0.7
0
0.4

0.8
0.7
0.8
0.6
0.4
1
0.7
0
0.8
0.9

Fi(u,8) =min(u,6),

06 0
0.8
05 04
05 04
03 06
06 0
1 07
07 1
0 08

09 0 03 1|

0.3
0
0.7
0.5
0
0.5
0
0.8
1

0
0.6
0
0.6
0.4

04|

0.4
0
0.3

A(b) = (b; (b));b; (b) = 5(s;, b, s;) -
F:

maximum

Consider
function

F:

i.e.

S La(s)] = max( u(s,), 44(s,),.., 11(s, ), k denotes number of simultaneous transitions to

the active state, input string y = a’b.

The active states and their membership values for initial state designator « can be calculated using
Algorithm 4.1. Here, we are considering the input string y = a’b and |y |=3. The membership

values of states at different time for y = a®b is calculated: At time t = O active states are starting
states, Que (t = 0) ={(s, 1#(5,)). (5, 4 (s,))}.(Table 2).

Since Q,,(t=0)="2R, therefore ' °(s,) =1, 1™(s,) =1.

a(A)=L 1 0 0 0 0 0 0 0 O]

time t=1: Attime t=1 on input a active states are based on transitions from state s, and s,.

S —>85183,54:56:5; and s, —> 5, 83,85, 54, S, hence active states are {s;,s,,55,5,,55, 55157, Sg. s

therefore;

1(s) = T 2(s,), 8(5,,,)}=min{L,0.3}=0.3

17 (s,) = T ™(s,), 5(s,,2,5,)}=min{L 0.3} =03

1 (s3) = FLFLU™(s,), 85y, a,5)} F{u™(s,), 8(5,.8,5)}]
= max[min{1,0.4}, min{1,0.5}] = 0.5

,ut:l(s4) = ﬁ{ﬂtzo (s1), 6(s1,@,5,)}=min{1,0.5}=0.5
/ut=1(55) = j’i{/‘ho (5,), 0(s;,8,55)}=min{1,0.6}=0.6
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,Ut:l(se) = ﬂ[ﬂ{ﬂtzo (51), 0(sy, a156)}:.7'1{,ut:0 (5,), 6(s5,8,56)}]
= max[ min{1,0.9}, min{1,0.6}] = 0.9

ﬂt:l(57) = j:i{/ltzo (s1), 6(sp,a,5,)y=min{1,0.7}=0.7
,ut:l(ss) = ﬁ{ﬂt:o (52), 6(s,8,55)}=min{1,0.9}=0.9

Initial state designator at time t = 1 is
a(@)=[0.3 03 05 05 06 09 07 09 0 0]

Similarly, the membership values of states at time t =2 for input & and at time t =3 for input b
is calculated and given in Table 3 and Table 4 respectively:

Table 2. Initial state designator & for A and string a.

time 0 1

input A a

Qact(t) S1 S2 S1 S2 S3 S4 Ss Se S7 Sg
Membership value 1 1 0.3 0.3 0.5 0.5 0.6 0.9 0.7 0.9

Table 3. Initial state designator « for string a’.

time 2

input a?

Qaci(t) S1 S2 S3 S4 Ss Se S7 Sg Sg S10
Membership value 0.9 0.9 0.7 0.8 0.8 0.5 0.5 0.6 0.7 0.8

Table 4. Initial state designator & for string a°b.

time 3

input a’h

Qaci(t) S1 S2 S3 S4 Ss Se S7 Sg Sg S10
Membership value 0.7 0.7 0.8 0.8 0.8 0.8 0.8 0.7 0.7 0.6

a(@®)=[09 09 07 08 08 05 05 06 07 08].
a(a’h)=[0.7 07 08 08 08 08 08 0.7 0.7 0.6].

The final state designator is calculated using available tools in Python for calculation of fuzzy
matrices. The induced partition for given GFFA is computed using algorithm 4.2.
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7o ={[511 5215315, 1,154, 55,56, 551591 51013

nf=o 0o o1110111].

The final state designator for string of length 1, i.e., for | x |= 1.
n7(@=A@n" =09 09 09 111 07 11 1.

n¥()=Ab)y" =08 07 08 111 07 1 1 1.

Ty ={[51, 831,05, 1[5, 1[50 S5 Sg S5 595101 3

7, = 7gTo ={[s1, 831, [5,1.[57 ], 54 85 S5 531 5. S10 13-

The final state designator for all possible strings of length 2, i.e., | X |= 2.
n” (@) =A@n*(@=09 09 09 111 08 11 1.
n” (ab)=A(@)n” (b)=[0.9 09 09 1 1 1 08 1 1 1J.
n” (ba) = Alb)p*(a)=[0.9 09 09 1 1 1 08 1 1 1J.
n7 (%) =Ab)y” (b)=[0.8 08 08 1 1 1 07 1 1 1J.
7, ={s1, 5,831,057 1, 1541 S5 S5+ S5+ 590 S101 3 -

7ty = mty ={[s1, 851 [55 1,057 1, (541 551 56+ S 591 53013 = T=Ty.

Since 7, = 7, itis the induced partition 7 of state set S satisfying all the conditions of theorem
3.2.

To verify we can partition state set S for all possible strings of length 3, i.e. | X |= 3.
n”(@%)=A@n7@)=[09 09 09 111 08 1 1 1,

n” (aba) = A@@)p” (ba)=[0.9 09 09 1 1 1 08 1 1 1],
n” (baa) = A(b)n” (aa)=[0.9 09 09 1 1 1 08 1 1 1],
n% (%) = A)y* (b*)=[0.8 08 08 1 1 1 08 1 1 1],
n” (bab) = A(b)n” (ab)=[0.9 09 09 1 1 1 08 1 1 1],
n” (aab) = A(a)y” (ab)=[0.9 09 09 1 1 1 08 1 1 1],

n” (bba) = A(b)y” (ba)=[09 09 09 1 1 1 08 1 1 1,
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n” (abb) = A@@)n7 (b*)=[09 09 09 1 11 08 1 1 1.

7, :{[51!52’53]’[57]’[54’55’56’58’59’510]}

7ty = 70,75 ={[51, 5], [5,],[571,[54+ 55+ 56+ 551 S91 8101} = 77, = 7w . Thus, the induced partition 7 ;

is the largest SP partition for M refining ‘F. By definition, the quotient machine will be the

minimal machine for given GFFA.

Construct Quotient machine ﬂ/nf ={5",2, R',Z,g', o, {AN@):ae2},F, _772',0:',77?}

using induced partition, where

§'={B,,B,,B;,B,}, B, =[s1, 53], B, =[s,1, By =[s;1, B, =[54,55, 56155, 59, 5301 -

Sincear(a?)=[0.7 0.7 0.8 0.8 0.8 08 08 0.7 0.7 0.6], &'(a’h) is obtained
by each of the sub-vectors into which « is partitioned by the blocks of 7, using row max.

a'(azb):[0.8 0.7 0.8 0.8], JF'={B,}i.e., setof blocks of 7, partitioning F .

(1
0.9
A@’) =

0.9 0.8 0.9]

08 0.7
09 09 08

1
05
0.8

09

1
0.8
0.6
0.8

0.5
1
0

0.9

0.8
1
0.8
0.7

0.8 09]
0 09
1 0.7
07 1|
0.6 0.8]
08 0.7
1 07
09 1 |
1 09 09 09]
09 1 09 09
A'(a’b) = A'(a®)A'(b) =
(ab) (8°)AD) 08 08 1 08
09 09 09 1|
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Figure 1. Minimal general finite fuzzy automata.

The membership value of string a’b for given GFFA M is He, (a’b) = a(a’b)n” (a’b)
=[07 07 08 08 08 08 08 07 0.7 06J[09 09 09 1 1 1 08 1 1 1] =0.8
The membership value of language a’b for quotient  machine jr/l/ﬂ'}- is
yBM(azb)=a'(a2b)nf'(a2b):[0.8 0.7 0.8 08]09 09 08 1] =0.8 or
mémbership value can also be calculated as;
Hs_(a')=c'(@b)A'(@’b)y”

1 09 09 09
09 1 09 09
08 08 1 038
09 09 09 1

—[0.8 0.7 0.8 0.8] [0 0 0 1] =08.

Since 15 (azb):,uBM (a’h), GFFA ‘M and quotient machine j/l/ﬁ}- are behaviourally
equivalent.
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Hence, minimal machine M, =M/ 7.

5. Conclusion

In this paper we have proposed General Finite Fuzzy Automata with initial and final state
designator and proposed algorithm to find the membership value of states of initial state designator
of the GFFA. The membership values calculated for initial state designator are more accurate as it
depends on membership value of states and weight of transition. We have applied substitution
property for partitioning the states of GFFA. Algorithm with its pseudo code is proposed to
calculate induced partition for Quotient General Finite Fuzzy Automata and the minimal
behaviourally equivalent GFFA is obtained. The method can be extended to minimize General
Fuzzy Automata with outputs, Intuitionistic General Fuzzy Automata, Multiset Fuzzy Automata in
the near future. A comparison of minimization can be done with existing methods in detail. The
complexity of algorithm can be compared with other existing minimization algorithms proposed in
the literature.
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