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Abstract 

The present paper details the finite element implementation procedure for applying consistent boundaries for two-
dimensional continuum soil-structure interaction systems. Consistent boundary conditions are ensured by applying 
rigorously calculated interaction forces at the truncated soil-structure interface. These calculations involve the 

evaluation of convolution integral on acceleration unit-impulse response functions for all boundary degrees of freedom 
for all time steps. The interactive or run-time evaluation of the interaction forces based on the past response history, is 
successfully carried out using user-defined element formulation in ABAQUS. This precise implementation of this 
boundary element procedure is demonstrated through benchmark problems and demonstrated through typical stress-
wave propagation problems. 
 
Keywords- Consistent boundaries, Wave propagation in soils, Boundary element method, ABAQUS, UEL subroutine.  
 

 
 

1. Introduction 
The principal problem in dynamic soil-structure interaction (SSI) analysis of continuum domains is 

the modelling of the boundaries. The semi-infinite soil has to be invariably truncated at a place from 
where the response is not of interest and beyond which the response is bound to be linear. Such 

truncated interfaces are typically modelled by viscous dampers that can transmit only the stress waves 

that impinge normally. Other simple boundaries are local in nature and cannot model the true 

transparent nature of the site conditions. In discrete domains where the wave dynamics is not 
modelled, the reflection of stress waves is not an issue (Patchamatla & Emani, 2020; Wolf & Deeks, 

2004). For continuum modelling of soil-structure systems, consistent boundaries are suggested by 

researchers that are founded on wave-dynamic based boundary element formulations, the dynamic 
implementation of which are quite intricate. In the frequency domain, these consistent boundaries are 

elegantly implemented through the application of the dynamic stiffness matrix of the truncated 

domain to the near-field (Emani et al., 2016; Emani & Maheshwari, 2009; Maheshwari & Emani, 
2015). In the case of time domain problems, like wave propagation through continuum semi-infinite 

domains, the use of Artificial Boundary Conditions (ABCs) like in Ni et al. (2022) or the use of Multi-

transmitting Formula (MTF) in Spectral element formulation (Xing et al., 2021) is required to ensure 

transmissibility of the stress waves. Alternatively, the consistent boundaries are applied through the 
use of acceleration unit-impulse response matrices in time-domain. These boundaries are rigorous, and 

require large computational effort, involving the full response history till that time step. This requires 
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the use of state-of-art finite element solvers with advanced user-defined formulations to customize the 
finite element procedure so as to process the boundary elements, as done by Poul and Zerva (2018).  

 

In the present work, similarity-based boundary finite element method known as Consistent 

Infinitesimal Finite Element Cell Method (CIFECM) is used to characterize the dynamics of the 
soil that is truncated from modelling (i.e. the far-field). This method is also referred to as Scaled 

Boundary Finite Element Method, by emphasizing the method of achieving the consistent 

boundary formulation (Wolf, 2003). According to Song and Wolf (2000), this method does not 
require a fundamental solution. In addition, this method reduces the size of a 3D problem to 2D, 

and of 2D problem to 1D. Further, the method exactly fulfills the radiation boundary condition of 

unbounded domains, and can accommodate anisotropy of materials (Song & Wolf, 2000). The 
method has application in a wide variety of applications ranging from structural plate bending 

problems (Man et al., 2012), crack propagation problems (Yang, 2006), image-based stress 

analysis (Saputra et al., 2017) to electrostatic (Liu & Lin, 2012) and acoustic problems (Lehmann 

et al., 2006). For time domain implementation of the consistent boundary conditions, the use of 
acceleration unit-impulse response functions is recommended (Chen et al., 2014; Lin et al., 2016). 

 

The classical finite element modelling is used for the near-field soil containing the structure and 
other forms of inhomogeneity.  The dynamically-calculated ‘soil-structure interaction forces’ 

provide the link between the ‘CIFECM of far-field’ and the ‘FEM of near-field’. This involves 

interactive calculation and application of forces at all the degrees of freedom of the soil-structure 
interface. In general-purpose finite element software like ABAQUS, ANSYS, ADINA, the 

interactive application of loads is possible through user-defined functions or subroutines. 

 

2. Formulation of CIFECM for Acceleration Unit Impulse Response 
The similarity based boundary element method is formulated by Wolf and Song (1996). This 

involves the following steps for two-dimensional displacement field problems: 
 

(i). Creation of Finite Element mesh for near-field (Figure 1). 

(ii). Extraction of the nodes at the interface of near-field and far-field i.e., the soil-

structure interface (shown in Figure 2). 

 

 
 

Figure 1. Near- and far-fields of SSI system. 

 

 
 

Figure 2. Soil-structure interface/boundary. 

 

(iii). Creating line elements connecting the boundary nodes as two-noded or three-noded 

boundary elements. 
(iv). Generating coefficient matrices for the two-noded boundary elements Eq. (8). 
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(v). Assembling the coefficient matrices of the two-noded boundary elements. 
(vi). Solving the time discretised form of equation of motion, which is referred to as 

Consistent Infinitesimal Finite Element Cell Equation (CIFEC Equation) for the first 

time step. Eq. (12). This gives the acceleration unit impulse response function [𝑚∞ ]1 

for all boundary degrees of freedom for step1. 
(vii). Solving the time stepping equation Eq. (15) for subsequent steps to get the 

acceleration unit-impulse response functions [𝑚∞ ]𝑛 for all boundary degrees of 

freedom for subsequent steps (n ≥ 2). 
(viii). The actual acceleration unit impulse response matrix is the transformed form of 

[𝑚∞ ]𝑛 as given below (for any value of n). 

 

[𝑀∞] = [𝑈]𝑇[𝑚∞][𝑈] (1) 

 
The formulations used in the above steps are included in the Appendix- A, B. After completion of 

the above procedure, all the acceleration unit-impulse response functions of all boundary degrees 

of freedom for all time steps are obtained. The above matrices are all written to external data files 
to be used in the latter part of the analysis. A typical plot of acceleration unit-impulse response 

for a degree of freedom is shown in (Figure 3). 

 

 
 

Figure 3. Typical acceleration unit-impulse response function. 

 

 

In the above procedure, the time discretization and the spatial discretization of boundary should 

be the same as used for modelling of near-field analysis.  

 

3. Formulation of Soil-Structure Interaction Forces  
The consistent boundaries that can effectively absorb all stress waves in all directions can be 

implemented through the soil-structure interaction forces calculated using the convolution 
integral given below 

{𝑅𝑏(𝑡)} = ∫ [𝑀𝑏𝑏
∞(𝑡 − 𝜏)]{𝑢̈𝑏(𝑡)}𝑑𝜏

𝑡

0

 (2) 
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Where {𝑅𝑏(𝑡)} is the SSI force vector to be applied at SSI, [𝑀𝑏𝑏
∞(𝑡)]is the acceleration unit-

impulse response function in time domain, and {𝑢𝑏̈(𝑡)} is the acceleration vector of the boundary 

DOFs at SSI. The evaluation of the discretized form of [𝑀𝑏𝑏
∞(𝑡)] is already discussed in the 

previous section. 

 

In time-discretized form, the above equation can be written at current step 𝑛 as 

{𝑅𝑏}𝑛 = ∑[𝑀𝑏𝑏
∞]𝑛−𝑖{𝑢̈𝑏}𝑖Δ𝜏

𝑛

𝑖=1

 (3) 

 

Since, the acceleration vector till 𝑛 − 1(previous to current) is known, while the acceleration of 

the current step is to be determined, the above force vector can be split into known and unknown 

terms as follows 

{𝑅𝑏}𝑛 = ∑[𝑀𝑏𝑏
∞]𝑛−𝑖{𝑢̈𝑏}𝑖Δ𝜏 + [𝑀𝑏𝑏

∞]0{𝑢̈𝑏}𝑛

𝑛−1

𝑖=1

 (4) 

 

Where [𝑀𝑏𝑏
∞]0 is the acceleration unit-impulse response at the first time step, which can be 

shown to be equal to dashpot matrix [𝑐∞] (Wolf & Song, 1996). The [𝑐∞] matrix can be obtained 

by simple momentum conservation principle applied on the boundary to convert the continuous 

dashpot function into discrete [𝑐∞] matrix. Alternatively, the acceleration unit-impulse response 

can also be resolved into a constant value[𝑐], a linearly varying component[𝐾], an asymptotic 

component[𝑀𝑓
∞(𝑡)], as shown in the Figure 3. 

 

The acceleration unit impulse response matrices [𝑀𝑏𝑏
∞ ]𝑛 corresponding to the predetermined 

spatial discretization can be determined for all time steps (𝑛 = 1,2, . . 𝑁) before starting the near-
field dynamic analysis. This advantage of uncoupling the near-field and far-field analyses is 

provided by the substructure method both in time domain and frequency domain.  

 

4. Application of SSI Forces Using UEL Subroutine 
Implicit dynamic analysis of the near-field is carried out in ABAQUS. The near-field is modelled 
in ABAQUS as a finite element assembly. The input file is created by the ABAQUS job. A User-

defined element containing all the boundary nodes is defined in the input file using *USER 

ELEMENT and *ELEMENT commands. A FORTRAN95 subroutine UEL( ) is prepared to 

evaluate the interaction forces in each step. This subroutine follows the steps given below: 
 

(i). Reading the data of acceleration unit impulse response functions of the boundary 

degrees of freedom into the COMMON block of the UEL subroutine using the 
UEXTERNALDB subroutine. 

(ii). The mass matrix of the boundary element is modified to add the [𝑀𝑏𝑏
∞]0 matrix to 

the mass matrix of the total soil-structure system. This is done at the beginning of the 

time stepping procedure. 
(iii). RHS array is a predefined variable used by UEL( ) subroutine to store the effect of 

user-defined element on the right-hand side of equations of motion or dynamic 

equilibrium equations. AMATRX is also a predefined variable used to modify the 
system coefficient matrices, viz., stiffness, damping and mass matrices. In this step, 

the RHS and AMATRX variables are initialized to zeros. 
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(iv). Copying the accelerations of the element degrees of freedom in the current step, into 
the state variable SVARS. 

(v). Evaluating the convolution integral for interaction forces by looping over all the 

previous time steps. 

(vi). Filling the RHS matrix with the interaction force vector for the next time step. 
 

It can be noted that the damping and stiffness matrices of the near-field assembly are not altered 

in UEL( ) subroutine.  
 

5. Benchmark Problem 

5.1 Semi-Infinite Segmental Cavity 
The boundary element method is classically tested on cavity walls in one-, two-and three- 

dimensional problems. For the continuum elements presented in the previous section, the 
behaviour of a semi-infinite segmental cavity (Figure 4) subjected to a triangular displacement 

pulse is presented. The semi-infinite medium surrounding the cavity is defined by the properties: 

Modulus of Elasticity, E, Shear modulus, G, Poisson’s ratio, ν, mass density, ρ. 

 

 
 

Figure 4. Semi- infinite segmental cavity in two-dimensions. 

 

 

The triangular displacement pulse has the spatial and temporal distribution given by Eq. (5) 

(Figure 5).  

𝑢(𝑡) =
𝜃

𝛼
𝑢0(𝑡) (5) 

𝑢0(𝑡) =
𝑢0

2
[1 − cos (

2𝜋𝑡

𝑡0
)]      0 ≤ 𝑡 ≤ 𝑡0 = 1.5

𝑟0
𝑐𝑠

= 1.5𝑡̅ 

           = 0                                                         𝑡 > 𝑡0 
 

(6) 
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Figure 5. Input Displacement and acceleration time histories. 

 

 

The time (𝑡) is non-dimensionalized (𝑡̅) by normalizing it with the time taken for the shear wave 

to travel the characteristic length (𝑟0) i.e., 𝑟0/𝑐𝑠. For this problem, the characteristic length 𝑟0 is 
taken as the radius of the cavity, and the velocity of the (shear) stress wave is given by Eq. (7). 

𝑐𝑠 = √
𝐺

𝜌
 (7) 

 

The reaction history of the semi-infinite domain to this force pulse is condensed into a single 

equivalent reaction value at the top of the cavity wall (Figure 6).  For this the reactions of all DOF 

are integrated over the cavity wall taking the spatial distribution of input displacement as 
weighing function. The reaction history thus obtained is shown in Figure 7. The results published 

for various other types of boundaries are also shown in Figure 7. It can be seen that the 

comparison with extended mesh results is perfect till 𝑡̅ = 1.5. The extended mesh results are 
accepted as standard results. 

 

 
 

Figure 6. Reaction force R(t) equivalent to SSI reactions. 
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Figure 7. The time history of the reaction force R(t) at the top node. 

 

 

 

 
 

Figure 8. Quarter circular FE model of semi-infinite domain subjected to triangular impact load. 

 

 

6. Simulation of SASW Test 
In this section, the consistent boundaries are used to numerically simulate the Spectral Analysis 

of Surface Wave (SASW) test. SASW test is a popular field test that uses surface waves to define 
the shear wave velocity profiles in soil deposits. Elastic waves propagating in the half-space due 
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to a vertical impact loading is experimentally studied in SASW test. The times responses obtained 
at a series of stations are recorded so as to get the depth of various underlying soil layers. The 

responses from a typical SASW test is a result of complex interaction of body and surface waves.  

 

Figure 8 shows the FE model of a semi-infinite soil domain used to simulate the response from 
SASW test. The model is a half-model of the domain, using symmetric boundary conditions 

along the axis of symmetry. The vertical impact in the form of triangular pulse (Figure 5) is 

applied at the free surface. The point of loading is indicated by the node number 4. The responses 
are presented at nodes 4, 5 and 6 which are also shown in (Figure 8). 

 

 

 
 

Figure 9. Numerical simulation results of SASW test using quarter circular soil medium. 

 

 

 
 

Figure 10. Typical time histories from SASW test (Olsoninstruments, 2021). 

 

 

 



Rama Raju Patchamatla and Emani: Time Domain Implementation of Consistent Boundaries … 
 

 

204 | Vol. 7, No. 2, 2022 

 

 

 
 

Figure 11. Snapshots of displacement contours showing the wave propagation. 
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The responses at nodes 4, 5 and 6 are presented (Figure 9), along with the typical results from 
SASW test (Figure 10). The similarity in the two plots validates the simulation of complex 

interactions between the body waves and the surface waves. The presence of free surface, causes 

the surface waves to form, which tend to travel along the free surface (Gucunski & Woods, 

1992). On the other hand, the body waves (P-wave) tend to travel into the infinite domain, 
vertically. With time, there will be interference between these two waves leading to appearance of 

displacements even after the primary impulse has passed through the modelled domain. 

 
To demonstrate the transmission of stress waves through the SSI without getting reflected back 

into the model, the snapshots of the displacement wave propagation is given in (Figure 10). It can 

be observed that the wave front first reaches the SSI boundary along the vertical direction, as can 
be seen at 0.2 sec. This is the body wave (P-wave) that travels faster in the soil medium. The 

wave front that reaches the SSI along the horizontal direction (along the free surface) is the 

surface wave. It can be observed that the surface wave travels slower than the body wave.  

 
For further demonstration of the working of the consistent boundaries in transmitting the stress 

waves, without reflecting, the snapshots of the stress contours are presented in Figure 11 and 

Figure 12. Although the domain fell silent at 0.335 sec (Figure 11), the continued silence is 
shown in Figure 12 for another 0.13 sec. Thus, the user-defined UEL boundary elements are 

applying appropriate interaction forces so as to transmit the stress waves without reflecting back.  
 

 

 
 

Figure 12. Displacement contours after the wave passed out of the domain. 
 

 

7. Conclusion 
A benchmark problem of semi-infinite wedge cavity is presented to demonstrate the successful 
implementation of consistent boundaries (CIFECM boundaries) for two-dimensional continuum 

models under stress wave propagation. This is followed by the presentation of the simulation of 

wave propagation during SASW test. The waves generated in a SASW test includes both the 
body and surface waves. Their passing away from the near-field domain into the infinite domain 

is illustrated through displacement contour plots. The results validate the procedure for 
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implementation of consistent (CIFECM) boundaries for wave propagation problems in two-
dimensional domains in ABAQUS using user-defined boundary element. Future work on 

consistent boundary implementation in three-dimensional continuum domain is a natural 

continuation of the present work.  
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Appendix-A 
 

The following formulation of CIFECM are taken from (Wolf & Song, 1996) 

Coefficient Matrices for three-dimensional vector wave equation 

[𝐸0] = ∫ ∫ [𝐵1]𝑇[𝐷][𝐵1]|𝐽|𝑑𝜂 𝑑𝜁
+1

−1

+1

−1
 

[𝐸1] = ∫ ∫ [𝐵2]𝑇[𝐷][𝐵1]|𝐽|𝑑𝜂 𝑑𝜁
+1

−1

+1

−1

 

[𝐸2] = ∫ ∫ [𝐵2]𝑇[𝐷][𝐵2]|𝐽|𝑑𝜂 𝑑𝜁
+1

−1

+1

−1

 

(8)  

 

Where the strain displacement matrices [𝐵1], [𝐵2] are obtained from the elements of 

Jacobian matrix as follows 

[𝐵1]𝑘 =

[
 
 
 
 
 
𝑗11 0 0
0 𝑗21 0
0 0 𝑗31

0 𝑗31 𝑗21

𝑗31 0 𝑗11

𝑗21 𝑗11 0 ]
 
 
 
 
 

 𝑁𝑘 ,    [𝐵
2]𝑘 =

[
 
 
 
 
 
𝑗12 0 0
0 𝑗22 0
0 0 𝑗32

0 𝑗32 𝑗22

𝑗32 0 𝑗12

𝑗22 𝑗12 0 ]
 
 
 
 
 

 𝑁𝑘,𝜂 +

[
 
 
 
 
 
𝑗13 0 0
0 𝑗23 0
0 0 𝑗33

0 𝑗33 𝑗23

𝑗33 0 𝑗13

𝑗23 𝑗13 0 ]
 
 
 
 
 

 𝑁𝑘,𝜁 

(9)  

 
The jacobian matrix is given by 

[𝐽] = [

{𝑁}𝑇{𝑥} {𝑁}𝑇{𝑦} {𝑁}𝑇{𝑧}

{𝑁,𝜂}
𝑇
{𝑥} {𝑁,𝜂}

𝑇
{𝑥} {𝑁,𝜂}

𝑇
{𝑥}

{𝑁,𝜁}
𝑇
{𝑥} {𝑁,𝜁}

𝑇
{𝑥} {𝑁,𝜁}

𝑇
{𝑥}

] 

(10)  
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Where, the shape function [𝑁𝑘(𝜂, 𝜁)] are as follows 

𝑁1(𝜂, 𝜁) =
1

4
(1 − 𝜂)(1 − 𝜁) 

𝑁2(𝜂, 𝜁) =
1

4
(1 + 𝜂)(1 − 𝜁) 

𝑁3(𝜂, 𝜁) =
1

4
(1 + 𝜂)(1 + 𝜁) 

𝑁4(𝜂, 𝜁) =
1

4
(1 − 𝜂)(1 + 𝜁) 

 

 
 

 

 

 
         (11)  

[𝑚∞]1
2 +

Δ𝑡

2
([𝑒1] + [𝐼])[𝑚∞]1 + [𝑚∞]1

Δ𝑡

2
([𝑒1]𝑇 + [𝐼]) −

Δ𝑡2

6
[𝑒2] − [𝑚0] = 0 

 

   (12)  

Where the coefficient matrices [𝑒1], [𝑒2], [𝑚0] are given by 
 

[𝑒1] = ([𝑈]−1)𝑇[𝐸1][𝑈]−1 −
𝑠 + 1

2
[𝐼] 

 

[𝑒2] = ([𝑈]−1)𝑇([𝐸2] − [𝐸1][𝐸0]−1[𝐸1]𝑇)[𝑈]−1 

 
[𝑚0] = ([𝑈]−1)𝑇[𝑀0][𝑈]−1 

 

(13)  

The unitary matrix [𝑈] is determined from coefficient matrix [𝐸0] 
 
[𝐸0] = [𝑈]𝑇[𝑈] 
 

(14)  

 

([𝑚∞]1 +
Δ𝑡

2
[𝑒1]) [𝑚∞]𝑛 + [𝑚∞]𝑛 ([𝑚∞]1 +

Δ𝑡

2
[𝑒1]𝑇) + 𝑡[𝑚∞]𝑛 = 

− ∑[𝑚∞ ]𝑛−𝑗+1[𝑚
∞]𝑗 − [𝑒1] (

[𝐽]𝑛−1

Δ𝑡
+ [𝐼]𝑛−1)

𝑛−1

𝑗=2

 

−(
[𝐽]𝑛−1

Δ𝑡
+ [𝐼]𝑛−1) [𝑒1]𝑇 +

𝑡3

6Δ𝑡
[𝑒2] +

𝑡

Δ𝑡
([𝑚0] − [𝐼]𝑛−1) 

(15)  

 

 

Appendix- B 
 

Coefficient Matrices for two-dimensional vector wave equation 

[𝐸0] =
2

3
[
2[𝑄0] [𝑄0]

[𝑄0] 2[𝑄0]
]  

[𝐸1] =
1

3
[
−[𝑄0] [𝑄0]

[𝑄0] −[𝑄0]
] + 2 [

−[𝑄1] −[𝑄1]

[𝑄1] [𝑄1]
] 

[𝐸2] =
1

3
[

[𝑄0] −[𝑄0]

−[𝑄0] [𝑄0]
] + 4 [

[𝑄2] −[𝑄2]

−[𝑄2] [𝑄2]
] 

[𝑀0] =
𝜌𝑎

6
[
2[𝐼] [𝐼]

[𝐼] 2[𝐼]
] 

 

(16)  
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Where 
 

[𝑄0] =
1

4𝑎
[𝐶1]𝑇[𝐷][𝐶1] 

 

[𝑄1] = −
1

4𝑎
[𝐶2]𝑇[𝐷][𝐶1] 

 

[𝑄2] =
1

4𝑎
[𝐶2]𝑇[𝐷][𝐶2] 

(17)  

 

With 

 

[𝐶1] = [

Δ𝑦 0

0 −Δ𝑥

−Δ𝑥 0
],         [𝐶2] = [

𝑦̅ 0
0 −𝑥̅ 

−𝑥̅ 𝑦̅
] 

(18)  

 

Where 

𝑎 = 𝑥1𝑦2 − 𝑥2𝑦1 

Δ𝑥 = 𝑥2 − 𝑥1 

Δ𝑦 = 𝑦2 − 𝑦1 

𝑥̅ =
1

2
(𝑥2 + 𝑥1)   

𝑦̅ =
1

2
(𝑦2 + 𝑦1) 

 

 

(19)  

Also the stress-strain matrix for isotropic material is 

[𝐷] = [
𝜆 + 2𝐺 𝜆 0

𝜆 𝜆 + 2𝐺 0
0 0 𝐺

] 
(20)  

 

The MATLAB code for implementing the procedure of Appendix B is given below 
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