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Abstract

In multi-criteria decision making, attribute reduction has attracted the attention of researchers for more than two
decades. So far, numerous scientists have proposed algorithms to construct reducts in decision tables. However, most of
the suggested algorithms are heuristic which discovers a reduction based on criteria of the attribute set. In fact, studying
the properties of reducts to build efficient attribute reduction models is an urgent problem. In this research, we present
some properties of reducts in incomplete decision tables by the relational database theory approach. It was found that
the properties of reducts in incomplete decision tables are equivalent to properties of the Sperner-systems in the theory
of relational database. By studying the properties of the Sperner-systems, the efficient attribute reduction models can be
built to improve the efficiency of multi-criteria decision making systems.

Keywords- Sperner-system, Decision table, Incomplete decision table, Reduct.

1. Introduction

One of the most important problems in multi-criteria decision making systems is attribute
reduction which attracted the consideration of researchers for more than two decades. The
objectives of the attribute reduction process are removing unnecessary and redundant attributes
and keep the attribute reduction set (called as reduct). Various methods have been introduced in
order to obtain the reduct of decision tables based on Rough Set (RS) (Pawlak, 1991) or extended
RS (Giang et al., 2019, 2021a; Thang et al., 2021; Ni et al., 2020; Shu et al., 2020; Zhang et al.,
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2020). However, these algorithms are heuristic. The best reduct is found by the best quality of
classification on the attribute set. In fact, studying the properties of reduct to build efficient
attribute reduction and data mining models is an urgent problem. However, results related to the
attributes of reduct in decision tables are restricted.

For consistent complete decision tables (CCDTSs), many researches were proposed (Thi & Giang,
2011, 2013; Demetrovics et al., 2014, 2015, 2018; Giang & Son, 2015; Giang et al., 2021a)
related to the properties of reduct and inferring knowledge by relational database theory approach
in recent years. As an example, Giang and Son (2015) proposed two algorithms in polynomial
time: the first algorithm uses the relational database theory approach to find all reductive
attributes; the second algorithm is also to find all reductive attributes by RS theory. Demetrovics
et al. (2018) proposed some algorithms to decrease the quantity of objects in a CCDT by
discovering some features of reduct and reductive attributes by the relational database theory
approach. The proposed algorithms can be effectively applied in the data preprocessing phase to
increase the performance of data mining and machine learning models. In Giang et al. (20214,
2021b), the authors discovered some properties of reduct related to Sperner-system and state that
the study of some properties on reduct is equivalent to the study of some properties on the
Sperner-system. This result opens a new research direction on building efficient attribute
reduction models based on research on Sperner-system.

In practical problems, decision tables often miss values in the attribute value domain, known as
incomplete decision tables. On these tables, a tolerance relationship is constructed on the attribute
value domain with a tolerance RS model (Kryszkiewicz, 1998). However, studies related to
reduct properties of incomplete decision tables are still limited. By extending the results in the
paper (Giang & Son, 2015), all reducts of consistent incomplete decision tables (CIDTs) were
calculated by a new method in Demetrovics et al. (2013) with a polynomial time. Consequently,
the motivation of the paper is to extend some results on the properties of reduct on incomplete
decision tables to further research on building efficient attribute reduction models.

In this study, some properties of reduct in CIDTs based on the Sperner-system are proposed. The
contributions of the paper include:

(1) Discover some properties of reduct in CIDTs and prove that all reducts are equivalent to
a Sperner-system.

(2) Propose an algorithm to create an incomplete decision table based on a given Sperner-
system.

These contributions let us to build efficient attribute reduction models by studying Sperner-
system and generate data from a given Sperner-system to support machine learning algorithms in
training and testing model. There are four sections in this paper. Section 2 describes the
fundamental definitions related the RS theory and concepts related to relational database together
with some combinational results in relational database. Section 3 presents the contributions of the
paper on the study of properties of reduct obtained from CIDTs equivalent to Sperner-systems.
The last section addresses the concluding and further research.

2. Background

Theory of RS and the relational tables are some basic definitions discovered in Pawlak (1991),
Kryszkiewicz (1998), Demetrovics et al. (2013, 2014).
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Definition 1. (Pawlak, 1991) The decision table consist four elements DS =(U,CuD,V, f), in

which U = {w,, ..., u,} is a set of objects; C={c,,...,C,} is a set of condition attribute. These two

sets are finite and non-empty. D is a decision attribute set. Two sets, C and D, are separate.
Let V, is the value set of the attribute aeR=CuD, then V=0V, ; f:UxR is the

information function define as for YueU; aeR, f(u,a)eV,.

Denote a(x) is symbolized for the value a on item x for each xeU, aeR ,. If
P={py, P,.... B} S A is a part of attributes then p; () set is signified as P(x). Consequently,
if X,y in U are two objects if p;(X)=p;(y) with i=1,...k then P(x)=P(y).

Not losing the comprehensive characteristics, hypothesis D only has only one attribute d (D) can
be reduced to one attribute by using an encryption (Thi & Giang, 2013). From above, our
research focuses to decision tables, DS =(U,R,V, ) in which R=C u{d} and {d}«C.

Definition 2. (Pawlak, 1991) Given DS =(U,CuD,V, f). Each subset in C, E < C, defines an
indistinguishable relation, called equivalence relation, as follows:
IND(E) ={(x,y) eU?|VacE, f (x,a) = f (y,a)} Q)

The partition of U is signified by U / E ={E,,E,,...,E,}. One element in U /E is named an
equivalence class.

Foreach PcC and Y cU , we have:

P-upper approximation of Y : PY ={yeU Ily]o NY =@}
P-lower approximation of Y : PY ={yeU |yl <Y}
P-boundary region of Y : PY / PY

P-positive region of{d}: POS_P {dP) =y (PY)

If POS,({d})=U or functional dependency P —d is true then DS is consistent which is for
any X and y belong to U, if P(x)=P(y) then d(x)=d(y). In opposite, DS is inconsistent
decision table.

Definition 3. (Pawlak, 1991) Let DS =(U,R,V, f) be a decision table and R=C u{d}. If
P c C satisfies following conditions:

(1) POS; ({d}) =POS, {d})

(2) VP'c P:POS, ({d}) = POS,.{d})
then P is areduct of C

According to Definition 3, in a consistent decision table, P is a reduct of DS if functional
dependency P —d is true, VP' < P, P' ' {d}. According to Pawlak (1991), the set P in

Definition 1 is named reduct based on a positive region. This reduct is termed Pawlak reduct. The
set of entire reducts of DS is denoted as ARED(C).
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Definition 4. (Kryszkiewicz, 1998) r = p,, ..., p,, is a relation on R={ay,...,a,} if Va, R has
Dy and *e Dy and p; 1R — UD, we have p;(a) € Dy,

Definition 5. (Kryszkiewicz, 1998) Let r be a relation on R={a,,...,a,} and A is a subset of R.
Then, pi ~ pj(A) if each a belongs to A: p;(a) = p;(a) or p,(a) =*or p;(a)=".

Definition 6. Let r={p,,..., p,} on R={a,..,a,} . Then, X,Y <R and X tolerance
determines Y, denoted by X Ly, if (V Pis P; er) (if pi ~ pi(X) then pi ~ pi(Y))). Set
T, ={(X,Y): X,Y =R and XL>Y}. It is easy to check that:

(1) (X,X)eT, VX <R

(2) (X,Y)eT, then X<cZ,WcY has (Z,W)eT,

(3) (X,Y)eT, (Y, Z)eT, = (X,Z) T,

set X1t ={xeR: X L{}}

Definition 7. (Kryszkiewicz, 1998) Given DS =(U,R,V, f), R=Cu{d}. If 3JaeC and there is
at least one missing value, denoted as ‘*’, in V, then DS is called as an incomplete decision table.
This decision table is presented as IDT =(U,R,V, f).

According to Definition 4, IDT is consistent if CL{d}. We can see that if IDT is inconsistent,

we can check by using a polynomial time algorithm on elements of U to eliminate the elements,
making IDT consistently. After the elimination, we have the set U ' such that DS =(U',R,V, f)

is consistent.

Definition 8. (Kryszkiewicz, 1998) Given IDT =(U,R,V, f) with R=Cu{d} and a reduct

PcC. If Pi>{d} and VP'O P then P’ {d}. It means that P' is a proper subset of P such
that P' does not tolerance determine d. Set IARED(C) ={P: P is reduct of IDT}

Definition 9. (Demetrovics et al., 2013) LetR={a,,...,a,}. K={A,..., A} is a Sperner -
systemon R if Ay £A; ¥, j=1..m.

Definition 10. (Demetrovics et al., 2013) Assume that K ={A,, ..., A }is a Sperner-system onR.

Set K'={BER: (Ac K= A B and B&C}. K™ is named the antikey of K . Obviously, K 7 is

also a Sperner - system onR. We have K ™ = R because K is a Sperner-system on R. K ™ is
maximal set that does not include the elements of K .

Definition 11. (Demetrovics et al., 2014) Provided that IDT =(U,R,V,f) is a CIDT and
R=Cu{d} , set r={u,...,u,} , then a Sperner-system is defined as

ARED(C) = Ki={XCC:X —{d}and AY:Y — {d} and Y < X}.
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Definition 12. Given IDT=(U,R\V,f) and R=Cu{d} . Let r=U={u,...,u,} . The
equivalent set ¢, is determined by
& ={M; :izlandi< j<m}with Mij ={xe R:x(ui)=x(uj)orx(ui)z*orx(uj)z*} 2)

Theset E; isdefinedby E; ={A€¢&:A # R, d ¢ XandAB €¢:d ¢ BandA S B} (3)

Next, some combinational results related to the relational database which can be found in
Demetrovics et al. (2018) are described following.

Algorithm 1. (Demetrovics et al., 2018) Find K ! in Sperner-systemK .

Input: K ={P,...,P, }is a Sperner system over A.

Output: K ™

-1

Step 1: SetK, ={R—{a}:aeR}. It is obviously that K, ={R,}

Step s+1: (s<n): LetK, :Fsu{Xl,...,th}, where X,,..., X, are elements of K containing
P andF, ={AeK,:P , #Al.

For Vi (i=1,..,t;), we compute {P, }_l on X; in an analogous way as K, , that are the subsets

s+l
maximization of X; not including P,,, .In detail, {P,,}™ ={P.,—{a}:aeX;}. We signify them
by Al,... A;. Let:K,,, =F, U{Al: AcF, = A'l z Ai>=landi<t, 1<q<r}

-1
Lastly, setK ™ =K, .

Theorem 1. (Demetrovics et al., 2018) Fors(1<s<n) K ={R,..,R}", that is K, =K ™.

Obliviously K , K * are unique and it is drawn the definition of K ~* that the Algorithm 1 is
independent of the order of R,..,P,. The number of elements in K, is denoted that

l, @<s<n-1). Then, K, =F U{X ..., Xy} .

IMs

Proposition 1. (Demetrovics et al.,, 2018) Algorithm 1 has computation complexity as

n-1
O(|R|2 Ztsus] in the worst case, whereu, = I, —t, if I, >t andu, =1if I, =t, .
=1

3. Some New Results in Incomplete Decision Tables

Herein, some theorems related to reduct of CIDTs are introduced. We discover the equivalence
properties about the reducts obtained from a CIDT with Sperner-systems. Then, an algorithm
used to construct a CIDT is proposed.

Theorem 2. Suppose that IDT =(U,R,V, f)isaCIDT andR=C u{d}, set r=U ={u,,...,u,.}
From r we calculate the equivalence set:

e =My 1,je{L2,...,m}, i< j} where My ={xeR:x(u;) =x(u;) orx(u;)=*orx(u;)=x*}
From &g, we define
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Ej={X€e:X+R,d¢X andAY €¢,.:d ¢ YandX &Y} @)

Ki={XCZ:X —{d}and 2Y:Y — {d} and Y & X} ©)
Then we have E, = (Kj)™.

Proof: If vX eE,; we can see that X = X" . Because if X & X*, there is an element e that

egX but eeX®™ . Because X is the equivalent maximum set then
i, j (1< i< j<m) that M;; = X . Based on the definition of set X *, we have X i){e} and from

the definition of set M theneeM;;. Therefore, if X =X* and d ¢ X then d g X™. This
leads to X + {d} (X does not tolerance determined ). Assumption that we have Y withX ¢ Y.
From the definition of X, if d &Y then hj ~h; (Y) is incorrect Vi, je{L,2,...,m}. Moreover,
according to the definition of tolerance determination, we get Y SR . Inthe case of d eV, it is

t
clear to see that d eY ™. Therefore, in both cases, we have VY: X &Y = Y — {d}. Then,
according to the definition of K| thenZ e K} for Z Y . Using the definition of set (K})™ we

have X e (Kj)™.

Oppositely, if X e (K])™ then A"=A. Because if X < X* then based on the definition of antikey
set we have Z eK] forZ < X", means X*—t—>{d}, leading to X—t—>{d}. According to the
definition ~ of  (K{)™  then A does not tolerance  determine  {d}
0:¢ R {d}). Thus X*=X . Based on the definition of set E, and set (K)™(is the set of largest

sets do not tolerance determined), means X € E, . Therefore E; = (Ké )’1.

Remark 1. It is easy to see that we calculate sets M;; has polynomial time complexity with m
and|C|. From it the finding set E, has polynomial time complexity with m and|C|, too.

Example 1. Assume that IDT=U,RV,f) is a CIDT as Table 1 where
U ={u,,...u}, C={b,....b,} = {Price, Mileage, Size, Max-speed}; d is decision attribute and
R=Cu{d}.

Table 1. An incomplete decision table of car choices.

b1 b2 b3 b4 d
u1 H H * * p
uz L * F L G
us L L C H P
Ug M H C H G
5 M H C * G

Note. C: Compact; F: Full; G: Good; H: High; L: Low; M: Medium; P: Poor. *Missing value.
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We calculate E, . It can be seen that: M, ={b,,b;,b,}, M;; ={b;,b,,d}, M, ={b,,b;,b,},
M15 :{bzvbs’b4}’ Mzs :{bllbz}’ M24 ={b2,d}, Mzs :{b21b4'd}1 M34 ={b3,b4}, M35 ={b3,b4},
M45 ={b1,b2,b3,b4,d}.

According to the definition of E,, there are A ={b,,b,,b,} and A, ={b;,b,} which satisfy the
condition of E;. Thus E, ={{b,,b;,b,},{b,,b,}}.

Now, the results correlated to the family of reducts equivalent properties in Sperner-systems are
presented as following. First, some related results are proven below.

From the above results, the equivalence in family of reducts in incomplete consistent decision
tables on Sperner-systems are proposed.

Theorem 3. Let IDT =(U,R,V, f) be a CIDT with R=C u{d}, then IARED(C) is a Sperner-

system onC . Vice versa, if K is a Sperner-system on C , there is an incomplete consistent
decision table IDT =(U,R,V, f) satisfying K = IARED(C).

Proof. Given IDT =(U,R,V,f) and R=Cu{d}. From reduct definition, IARED(C) is a
Sperner-system on C . Assume that K :{A,...,Aj} is a Sperner-system on C . As shown in

Algorithm 1, the antikey K ™ is constructed from K . Assume that K *={B,,..,B }. A
consistent incomplete decision table IDT =(U,R,V, f) is built as follow:

Suppose thatK ™ ={A,..., A}, set U ={ug,u;,...,u;}

Set c(uy)=0, vceC and d(u,)=0

If G=A n...n Atheneach g belongsto G and each i withi=1,..msetg(u;)=>*.

For eachi withi=1,...t setd(u;) =i.

For each c belongs to A we set c(u;) =* and each c does not belong to A set c(u,) =1
Forany i=2,..t weset d(u;)=i and c(u;)=0if ce A, c(u)=iifce A,

It is easy to see that for i=2,..t we haveM ;= A .

From Algorithm 1, Theorem 2 and Definition 10 of E, , we have E; = K <,

Based on Sperner-system, antikey set and the reduct definition, we have K ™ = IARED(C). Thus,
the theorem has been proved.

As the result, the research on the family of reducts of IDT =(U,R,V, f) is equivalent to the
research of Sperner-systems on C withR=C u{d}. From the results in Theorem 2, we propose
the flowchart of Algorithm 2 as follows.

Algorithm 2. Constructing a CIDT from a given Sperner-system K over C .
Figure 1 is the flowchart of Algorithm 2.
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Input: Let K ={R,,...,P,} be a Sperner-system onC.

Output: IDT =(U,R,V, f)with R=Cu{d} and K =IARED(C).

Step 1: From K , by using Algorithm 1 in Section 3 we construct K *;

Step 2: Provided thatK * ={A,.., A}, U ={Ug,Uy,...,U } was set;

Forany ceC, initiate ¢(U,)=0 and d(uy)=0;

If G=A n..n A theneach g belongsto G and each i withi=1,..m setg(u;) =*;

Set d(u,)=i (i=1Lt);

For each c belongs to A we set c(u;) =* and each ¢ does not belong to A set c(u,) =1;
0ifceA

i ifceA

It is easy to see that for i =2,...t we have M1i = Ai;

Forany i=2,..t weset d(y;)=i and c(ui):{

The following corollary is obtained from Theorem 2, Theorem 3.

Next, computation complexity of Algorithm 2 is calculated. At the first step, we use Algorithm 1

to define K . Consequently, Algorithm 2 and Algorithm 1 has the same complexity. Thus,
computation complexity of Algorithm 2 is exponential in m.

Corollary 1. Supposed that IDT =(U,R,V, f) withR=Cu{d} is a CIDT, then number of
elements in IARED(C) is less than CI"?, n=|C]|.

Example 2. Let K ={P,P,,P,,P,} be Spemersysem on R={b,b,b,b, bbb} ,
P ={b,b,,b}, P, ={b,.b,,b.}, P, ={b,.b,,b., b}, P, ={b,,b,,bs,b,}. We find K . According
to Algorithm 1, we have K ™ ={P,,Ps,Psy,P,, P, Py}, in which B, ={b,b;,b,,b,bs,b,},

P33={b2,b3,b6,b7}, P34:{b2’b3’b5’b6}, P43:{bl,b2,b4,b5,b7}, P44={b1,b2,b4,b5,b6}.

According to Algorithm 2 we have the following CIDT as Table 2:

Table 2. A consistent incomplete table.

b1 b2 b3 b4 bs bs b7 d
0 0 0 0 0 0 0 0
* l * * * * * 1
2 0 0 2 2 0 0 2
3 0 0 3 0 0 3 3
0 0 4 4 0 0 0 4
0 0 5 0 0 5 0 5
0 0 6 0 0 0 6 6
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| K :{Fi’””R”} | U ={uy,u,...,u,} - set of objects.

- C= ......,c. L - set of condition attributes.
Construct K :{Ala...,A,} {C1sCosnsC, |

D is a set of decision attributes where ' and D are two
separated sets.
¥ =up, where p_is attribute value set

7:UxR is the information function defined as

using Algorithm 1 in Section 3

U ={u0,zfl,...,u,}

c(up) =0and d(up) =0 YacR uel, f(ua)eV,
|G=tn..n4|
i=1
-
i <m

T
d(u,)=1
T —L
i= ceAs - ! :‘;""1
F T
—_ % =
F Cch | c(up) = | | c(u) =1 lﬁu
T

| c(u) =i d(up) =i

c(u) =0

»
»

\ 4
An incomplete consistent decision
table /D7 =(U,R,V, fywith R=Cud

Figure 1. Flowchart of Algorithm 2.

Remark 2. It can be seen that if we change the order of elements of K ™ ={A,.., A}, then we
obtain some other CIDTs IDT =(U,R,V, f) with R=Cud such that K = IARED(C).
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Example 3. Based on Example 2, K ™ is built by swap the order of B, and P,,. According to
Algorithm 2, we have Table 3 as follows:

Table 3. A consistent incomplete table for Example 3.

b1 b2 b3 b4 bs bs b7 d
0 0 0 0 0 0 0 0
0 2 0 0 0 0 0 2
3 0 0 3 0 0 3 3
0 0 4 4 0 0 0 4
0 0 5 0 0 5 0 5
0 0 6 0 0 0 6 6

4. Conclusions

With the continuous growth of the current data volume, it is urgent to research and propose
attribute reduction algorithms to increase the effectiveness of multi-criteria decision making
models. In this research, some properties of reducts in CIDTs are introduced. We also proved that
all those reducts is equivalent to given Sperner-system. Therefore, a novel algorithm in order to
build an incomplete decision table based on this Sperner-system is proposed. These results let us
build efficient attribute reduction models by studying Sperner-system and generate data from
given Sperner-system to support multi-criteria decision making systems in training and testing
model. Further research is to study more properties on Sperner-system and reduct to propose
efficient attribute reduction and multi-criteria decision making models.
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