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Abstract 

The COVID-19 pandemic has seen the development of several mathematical models. In recent years, the very topical issue of re-

susceptibility has led to the proposal of more complex models to address this issue. The paper deals with an optimal control problem 

applied to COVID-19. The Pontryagin maximum principle and the dynamic programming principle are used to solve the problem. 

A compartmental Ordinary Differential Equation (ODE) model is proposed to study the evolution of the pandemic by controlling 

the effectiveness of the detection campaign and the treatment. We prove the global stability of the Disease-Free Equilibrium (DFE) 

and the existence of optimal control and trajectories of the model. In the optimal control problem, we bring the system back to the 

DFE. Numerical simulations based on COVID-19 data in Senegal show possibilities to reduce the disease evolution, sometimes by 

emphasizing the detection campaign and/or the treatment proposed to patients. 

 

Keywords- Differential equations, Dynamic programming principle, Hamilton-Jacobi-Bellman equations, Pontryagin maximum 

principle, Covid-19. 

 

 

 

1. Introduction  
The COVID-19 pandemic began on November 16, 2019, in Wuhan, Hubei Province (in central China). 

Subsequently, it spread worldwide and was officially declared a pandemic by the World Health 

Organization (WHO) on March 11, 2020. Some countries have taken emergency measures such as social 

distancing, confinements, etc. Subsequently, vaccines were developed, and vaccination campaigns were 

carried out. On May 5, 2023, the WHO declared the end of the international health emergency (Wikipedia). 

However, in some countries, COVID-19 is not yet under control. It is always interesting to study strategies 

to control the disease.  

 

Many methods have been used to study the evolution of the COVID-19 pandemic. Many authors (Balde, 

2020; Balde et al., 2020; Ndiaye et al., 2020a; Ndiaye et al., 2020b) have used machine learning to analyze 

and predict the evolution of the pandemic. Neural networks are widely used. Other authors use stochastic 

models to study the Covid-19 pandemic (Ly et al., 2022). Research into stochastic and deterministic optimal 

control is also carried out in the analysis to implement strategies to limit the evolution of the pandemic 
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(Firmansyah and Rangkuti, 2023; Kifle and Obsu, 2023; Ly et al., 2022; Mansal et al., 2024). In Wang et 

al. (2022), authors have used an integral-differential equation model involving the vaccination effect and 

the incubation of COVID-19. The authors in the paper (Ahmed et al., 2021) proposed a mathematical model 

using the Ordinary Differential Equation (ODE) and Fractional Differential Equation. In Firmansyah and 

Rangkuti (2023), the authors performed a sensitivity analysis using a sensitivity index to measure the 

relative change in the basic reproduction number for each parameter, and this control function was applied 

to the dynamic modeling of the spread of COVID-19 using the Pontryagin Minimum Principle. Kifle and 

Obsu (2023) show that simultaneously reducing potential contact between susceptible and infected 

individuals, implementing effective contact tracing and quarantine, isolation of symptomatically infected 

individuals, and providing effective treatment are the optimal mechanisms to halt the spread of COVID-19 

disease in the community. In Ng and Gui (2020), the authors studied an ordinary differential equation model 

including a time delay at which the immunity of individuals previously healed ends. 

 

Some people can contract the disease a second time after an initial recovery. This fact has motivated the 

development and study of models that consider cases of re-susceptibility (Ng and Gui, 2020; Ly et al., 

2022). 

 

Likewise, current COVID-19 vaccines are not guaranteed at 100%. That is why people take multiple 

vaccination doses at specific times, raising the question of re-susceptibility. In Ng and Gui (2020), authors 

show that re-susceptibility may lead to subsequent waves of infections in the future depending on the time 

of temporal immunity. In Firmansyah and Rangkuti (2023), by using three types of control acting on 

awareness, personal defenses, and the care of patients and vaccinating a proportion of the population, the 

transmission can be overcome in a few days. In Mansal et al. (2024), the authors analyze two optimal 

control strategies to reduce the spread of COVID-19. The authors use three controls acting on distancing, 

case detection and effort of cure like financial support. They show that increasing educational campaigns, 

disease tests, and financial support to ensure drugs for infected individuals can reduce the number of 

infected and dead. 

 

We propose a compartmental model studied in a previous stochastic optimal control paper (Ly et al., 2022). 

The model takes vaccination and re-susceptibility into account. Deterministic optimal control theory is used 

to analyze strategies to reduce the evolution of COVID-19. Managing the proportion of vaccinated and 

controlling the detection and treatment of patients can prevent subsequent waves of infection. 

 

The disease-free equilibrium (DFE), which is globally asymptotically stable, is calculated and used in the 

objective function of the optimal control problem to bring the optimal states closer to this equilibrium. 

 

Considering re-susceptibility in the model is a significant contribution to this paper. Likewise, mathematical 

contributions are to be emphasized. Proving a result of global stability can be challenging. The use of 

dynamic programming to solve optimal control problems should be noted because the Pontryagin maximum 

principle is applied in most articles on control.  

 

The paper is structured as follows: In Section 2, we propose a compartmental model of COVID-19 

composed of susceptible, exposed, detected, and undetected infected, hospitalized, and recovered. In 

Section 3, a mathematical analysis of the model is performed by calculating the basic reproduction number 

and proving the DFE's global stability. We demonstrate the existence of control and optimal states of the 

optimal control problem, which is solved by the Pontryagin Maximum Principle (PMP) and Dynamic 

Programming Principle (DPP) in Section 4. Section 5 illustrates and discusses the theoretical results 

obtained by numerical simulations based on COVID-19 data in Senegal. A conclusion is done in Section 6. 
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2. Modeling 
A compartmental diagram Figure 1, from a previous paper (Ly et al., 2022), is recalled from which is 

derived the model. This model is composed of six compartments 𝑆(𝑡), 𝐸(𝑡), 𝑈(𝑡), 𝑉(𝑡), 𝐻(𝑡) and 𝑅(𝑡) 

respectively designating susceptible, exposed, undetected infected, confirmed infected, hospitalized and 

immunized at time t. The compartment 𝑅 represents immunized by vaccination (coming from 𝑆) and 

recovered (coming from 𝐻 and 𝑈).  

 

The major hypotheses of the model are: 

• Natural mortalities are not considered. In a small-time interval, natural mortality is negligible compared 

to that caused by disease. 

• Newborns are not susceptible to contracting the disease. WHO data for Senegal have not recorded a 

significant case of newborns contracting COVID-19. 

• Only a portion of susceptible people are vaccinated. Indeed, the vaccine is not compulsory in certain 

countries, such as Senegal, and often arouses fear in certain individuals.  

• 𝑅 individuals are not totally immunized. Immunity acquired after recovery or after vaccination is not 

total, which is why a proportion 𝛿 of the 𝑅 individuals become susceptible again, hence the question of 

re-susceptibility (Ly et al., 2022; Ng and Gui, 2020). 

 

The ODE corresponding to the model is given as follows: 

{
  
 

  
 

𝑆̇(𝑡) = 𝛿𝑅 − 𝛽𝑢𝑆𝑈 − 𝛽𝑣𝑆𝑉 − 𝜂𝑆 

𝐸̇(𝑡) = 𝛽𝑢𝑆𝑈 + 𝛽𝑣𝑆𝑉 − 𝜈1𝐸 − 𝜈2𝐸

𝑈̇(𝑡) = 𝜈1𝐸 − 𝑑1𝑈 − 𝜉𝑈    

𝑉̇(𝑡) = 𝜈2𝐸 − 𝛼𝑉 − 𝑑2𝑉    

𝐻̇(𝑡) = 𝛼𝑉 − 𝑑3𝐻 − 𝛾𝐻    

𝑅̇(𝑡) = 𝜉𝑈 + 𝛾𝐻 + 𝜂𝑆 − 𝛿𝑅   

                                                                                                        (1) 

 

under initial conditions: 

{
𝑆(0) = 𝑆0, 𝐸(0) = 𝐸0, 𝑈(0) = 𝑈0,

𝑉(0) = 𝑉0, 𝐻(0) = 𝐻0, 𝑅(0) = 𝑅0
                                                                                                    (2) 

 

The coefficients used to switch from one compartment to another and the meaning of each compartment 

are described in Table 1. 

 
Table 1. Variables and parameters used in the model.  

 

Variables and parameters Descriptions 

𝛽𝑢 transmission rate of undetected 

𝛽𝑣 transmission rate of confirmed 

𝑣1 Rate of incubation or latency of undetected 

𝑣2 rate of incubation or latency of confirmed 

𝑑1 death rate of undetected 

𝑑2 death rate of confirmed 

𝑑3 death rate of hospitalized patient 

𝛼 rate of hospitalized from confirmed 

𝛾 rate of hospitalized patients becoming recover 

𝛿 rate of recovered becoming susceptible again 

𝜂 vaccination rate 

𝜉 rate of recovered from undetected 

𝑆(𝑡) Number of individuals susceptible to contracting the disease at time 𝑡 

𝐸(𝑡) Number of individuals exposed to the disease at time 𝑡 
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Table 1 continued… 
 

𝑈(𝑡) Number of unknown infected at time 𝑡 

𝑉(𝑡) Number of known infected at time 𝑡 

𝐻(𝑡) Number of infected individuals hospitalized at time 𝑡 

𝑅(𝑡) Number of individuals recovered from the disease at time 𝑡 

𝑁(𝑡) Total population at time 𝑡, 𝑁(𝑡) = 𝑆(𝑡) + 𝐸(𝑡) + 𝑈(𝑡) + 𝑉(𝑡) + 𝐻(𝑡) + 𝑅(𝑡) 

𝑁0 Initial population 𝑁0 = 𝑁(0) 

 

 

The graph (Figure 1) summarizes concisely the model. 

 

 
 

Figure 1. Compartmental diagram of COVID-19. 

 

 

3. Mathematical Analysis 
In this section, we perform a mathematical analysis of the model (1) that is we study the well-posedness of 

the system, we calculate the Disease-Free Equilibrium (DFE) and the basic reproduction number. Finally, 

we prove the global stability of the DFE. 

 

3.1 Well-Posedness of the Model 
Let's set the domain 

𝒟 = {(S(t), E(t), U(t), V(t), H(t), R(t)) ∈ ℝ+
6  :  0 ≤ N(t) ≤ N0}.  

 

Theorem 1. 𝒟 is positively invariant for the flow of the system (1). 

Proof: Consider any time 𝑡 > 0 and for all time 0 ≤ 𝑟 < 𝑡, we have 𝑆(𝑟) > 0,  𝐸(𝑟) > 0,  𝑈(𝑟) >
0,  𝑉(𝑟) > 0,  𝐻(𝑟) > 0,  𝑅(𝑟) > 0. 

 

Consider the first equation of the system (1) 𝑆̇(𝑡) = δ𝑅 − β𝑢𝑆𝑈 − β𝑣𝑆𝑉 − η𝑆. It can be rewritten in 

following form 𝑆̇(𝑡) = δ𝑅(𝑡) − (ξ + η)𝑆.  
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Now, using the Duhamel formula (Teschl, 2012): 

𝑆(𝑡) = 𝑆0 exp (− ∫ (ξ(𝑠) + η)𝑑𝑠
𝑡

0

) + ∫ [δ𝑅(τ) exp (− ∫ (ξ(𝑠) + η)𝑑𝑠
𝑡

τ

)] 𝑑τ
𝑡

0

𝑆(𝑡) = 𝑆0 exp (−η𝑡 − ∫ ξ(𝑠)𝑑𝑠
𝑡

0

) + exp (−η𝑡 − ∫ ξ(𝑠)𝑑𝑠
𝑡

0

) ∫ [δ𝑅(τ) exp (∫ (ξ(𝑠) + η)𝑑𝑠
τ

0

)] 𝑑τ
𝑡

0

𝑆(𝑡) = exp (−η𝑡 − ∫ ξ(𝑠)𝑑𝑠
𝑡

0

) [𝑆0 + ∫ (δ𝑅(τ) exp (ητ + ∫ ξ(𝑠)𝑑𝑠
τ

0

)) 𝑑τ
𝑡

0

] .

 

 

Finally, since 𝑆0 > 0, for any τ < 𝑡, 𝑅(τ) > 0, we obtain 𝑆(𝑡) > 0. 

 

Similar work for 𝐸,   𝑈,   𝑉,   𝐻,   𝑅 gives 𝐸(𝑡) > 0,  𝑈(𝑡) > 0,  𝑉(𝑡) > 0,  𝐻(𝑡) > 0,  𝑅(𝑡) > 0 for all time. 

𝑡 > 0. 

 

It remains to prove that 𝒟 is bounded. Summing all equations of the system (1), yields  
𝑑𝑁

𝑑𝑡
= −𝑑1𝑈 − 𝑑2𝑉 − 𝑑3𝐻 ≤ 0. 

 

Now, integrating gives ∫
𝑑𝑁

𝑑𝑡
𝑑𝑠

𝑡

0
≤ 0. Then, 𝑁(𝑡) − 𝑁0 ≤ 0. And finally, 𝑁(𝑡) ≤ 𝑁0. 

 

3.2 Basic Reproduction Number 𝓡𝟎 

The Disease-Free Equilibrium (DFE) of the model (1) is determined by setting 𝐸 = 𝑈 = 𝑉 = 𝐻 = 𝑆̇ =

𝐸̇ = 𝑈̇ = 𝑉̇ = 𝐻̇ = 𝑅̇ = 0 in the system (1). We obtain η𝑆 − δ𝑅 = 0, then 𝑅 =
δ

η
𝑆. 

𝑆 + 𝑅 ≤ 𝑁0 gives 𝑆 ≤
δ

δ+η
𝑁0. 

 

Finally, the DFE of the model (1) is 𝑋∗ = (𝑆∗, 0,0,0,0, 𝑅∗) with 𝑆∗ =
δ

δ+η
𝑁0 and 𝑅∗ =

η

δ+η
𝑁0. 

 

Following the work in (Van den Driessche and Watmough, 2002), we consider the infected compartments 

(𝐸,  𝑈,  𝑉,  𝐻). Applying the lemma 1 (p. 32) in Van den Driessche and Watmough (2002), the gradient at 

the DFE is 

𝑱 = ∇(𝐸,𝑈,𝑉,𝐻) (

𝛽𝑢𝑆𝑈 + 𝛽𝑣𝑆𝑉 − 𝜈1𝐸 − 𝜈2𝐸
𝜈1𝐸 − 𝑑1𝑈 − 𝜉𝑈
𝜈2𝐸 − 𝛼𝑉 − 𝑑2𝑉
𝛼𝑉 − 𝑑3𝐻 − 𝛾𝐻

)

|𝑋∗

  

𝑱 =

(

 
 

−𝜈1 − 𝜈2
𝑁0𝛽𝑢𝛿

𝛿+𝜂

𝑁0𝛽𝑣𝛿

𝛿+𝜂
0

𝜈1 −𝑑1 − 𝜉 0 0
𝜈2 0 −𝛼 − 𝑑2 0
0 0 𝛼 −𝑑3 − 𝛾)

 
 

  

 

𝐽 = 𝐹 − 𝑉, with 
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𝐹 =

(

 
 

0
𝑁0𝛽𝑢𝛿

𝛿+𝜂

𝑁0𝛽𝑣𝛿

𝛿+𝜂
0

𝜈1 0 0 0
𝜈2 0 0 0
0 0 𝛼 0)

 
 

, 𝑉 = (

𝜈1 + 𝜈2 0 0 0
0 𝑑3 + 𝛾 0 0
0 0 𝑑1 + 𝜉 0
0 0 0 𝛼 + 𝑑2

).  

 

𝐹 is non-negative and 𝑉 is nonsingular. Finally, we get, 

ℛ0 = ρ(𝐹𝑉−1)

ℛ0 = √
𝑁0δ(αβ𝑢ν1+β𝑢𝑑2ν1+β𝑣𝑑1ν2+β𝑣ν2ξ)

(α+𝑑2)(𝑑1+ξ)(δ+η)(ν1+ν2)

  

ℛ0 = √𝑁0δ
β𝑢ν1(α+𝑑2)+β𝑣ν2(𝑑1+ξ)

(α+𝑑2)(𝑑1+ξ)(δ+η)(ν1+ν2)
 . 

 

3.3 Global Stability of the DFE 
This subsection shows that the DFE is globally asymptotically stable as soon as ℛ0 satisfies a specific 

condition. 

 

Theorem 2. The disease-free equilibrium of the system (1) is globally asymptotically stable in 𝒟⃐   if and only 

if ℛ0 ≤ 1. 

Proof: For this aim we use Theorem 4.5 (p. 6) and its corollary in the paper Kamgang and Sallet (2008). 

 

We consider the following splitting of states variables (𝑥1, 𝑥2), where 𝑥1 = (𝑆, 𝑅) and 𝑥2 =
(𝐻, 𝐸, 𝑈, 𝑉)corresponds to infected compartment. 

 

As proved above, the domain 𝒟 is positively invariant. Hence, the hypothesis 𝐇1 is satisfied. 

 

In the model (1), the sub-system 𝑥̇1 = 𝐀1(𝑥1, 0)(𝑥1 − 𝑥1
∗) is such that: 𝑥1

∗ = (𝑆∗, 𝑅∗) corresponds to the 

DFE and 

𝐀1(𝑥1, 0) = (
−𝜂 𝛿
𝜂 −𝛿

). 

 

The two eigenvalues of this sub-matrix are 0 and −(𝜂 + 𝛿). To obtain asymptotic stability of the DFE in 

𝒟, we consider the fact that without disease 𝑆 + 𝑅 = 𝑁0 since 𝑆̇ + 𝑅̇ = 0. That implies 𝑅 = 𝑁0 − 𝑆 and 

replacing that in the first equation of the sub-system gives 𝑆̇ = −(𝜂 + 𝛿)𝑆 + 𝛿𝑁0. Hence, 𝑆(𝑡) =

𝑆0 exp(−(𝜂 + 𝛿)𝑡) +
𝛿

𝜂+𝛿
𝑁0. We see that lim𝑡→+∞𝑆(𝑡) =

𝛿

𝜂+𝛿
𝑁0 = 𝑆∗. 

 
Finally, this sub-system is globally asymptotically stable at the DFE. Then the hypothesis 𝐇2 is satisfied. 

The sub-matrix 𝐴2(𝑥) is given by: 

(

−𝑑3 − 𝛾 0 0 𝛼
0 −𝜈1 − 𝜈2 𝛽𝑢𝑆 𝛽𝑣𝑆
0 𝜈1 −𝑑1 − 𝜉 0
0 𝜈2 0 −𝛼 − 𝑑2

).  

 

Now we are going to verify the hypothesis 𝐇3
′ , 𝐇4

′ , 𝐇5
′ . 

We write the matrix in the following block form: 
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(
𝐀2

1,1 𝐀2
1,2

0 𝐀2
2,2)  

 

where, 𝐀2
1,1 = −𝑑3 − 𝛾, 𝐀2

1,2 = (0,0, 𝛼), 

𝐀2
2,2 = (

−𝜈1 − 𝜈2 𝛽𝑢𝑆 𝛽𝑣𝑆
𝜈1 −𝑑1 − 𝜉 0
𝜈2 0 −𝛼 − 𝑑2

). 

 

𝐀2
1,1

 and 𝐀2
2,2

 are both irreducible. Hence, 𝐇3
′  is satisfied. 

𝐀2
1,1

 and 𝐀2
2,2

 are both bounded at the DFE in 𝒟. Indeed, by denoting 𝐀⃐  2
1,1

 and 𝐀⃐  2
2,2

 their respective bound, 

we have 𝐀2
1,1

 is constant then 𝐀⃐  2
1,1 = 𝐀2

1,1
 and 

𝐀⃐  2
2,2 = (

−𝜈1 − 𝜈2
𝑁0𝛽𝑢𝛿

𝛿+𝜂

𝑁0𝛽𝑣𝛿

𝛿+𝜂

𝜈1 −𝑑1 − 𝜉 0
𝜈2 0 −𝛼 − 𝑑2

). 

 

The hypothesis 𝐇5
′  is equivalent to ℛ0 ≤ 1 see Kamgang and Sallet (2008). 

 

4. Optimal Control Problem (OCP) 
The objective of the section is to solve a deterministic optimal control problem. The idea is to act on the 

system (1) by keeping it around the DFE through the detection campaign and treatment offered to 

hospitalized patients defined respectively by the parameters 𝑎1(𝑡) and 𝑎2(𝑡) which are the components of 

the control vector 𝑎 ∈ 𝒜 = {𝑎: [0; 𝑇] → [0; 1]2, measurable} with (0 ≤ 𝑎𝑖(𝑡) ≤ 1 for 𝑖 = 1; 2). Thus, the 

variables ν2 and 𝛾 can be respectively replaced by 𝑎1𝜈2 and 𝑎2𝛾. The system (1) is then rewritten as follows: 

{
  
 

  
 

𝑆̇(𝑡) = 𝛿𝑅 − 𝛽𝑢𝑆𝑈 − 𝛽𝑣𝑆𝑉 − 𝜂𝑆

𝐸̇(𝑡) = 𝛽𝑢𝑆𝑈 + 𝛽𝑣𝑆𝑉 − 𝜈1𝐸 − 𝑎1𝜈2𝐸

𝑈̇(𝑡) = 𝜈1𝐸 − 𝑑1𝑈 − 𝜉𝑈

𝑉̇(𝑡) = 𝑎1𝜈2𝐸 − 𝛼𝑉 − 𝑑2𝑉

𝐻̇(𝑡) = 𝛼𝑉 − 𝑑3𝐻 − 𝑎2𝛾𝐻

𝑅̇(𝑡) = 𝜉𝑈 + 𝑎2𝛾𝐻 + 𝜂𝑆 − 𝛿𝑅

                                                                                                       (4) 

 

The objective function is then defined by: 

𝐽(𝑎) =
1

2
∫ ((𝑆 − 𝑆∗)2 + 𝐸2 + 𝑈2 + 𝑉2 + 𝐻2 + (𝑅 − 𝑅∗)2 + 𝜀1𝑎1

2 + 𝜀2𝑎2
2)

𝑇

0
𝑑𝑡                                 (5) 

 

with 𝜖1, 𝜖2 > 0. 

 

Let’s set the integrand 

𝐿(𝑡,X, 𝑎) =
1

2
((𝑆 − 𝑆∗)2 + 𝐸2 + 𝑈2 + 𝑉2 + 𝐻2 + (𝑅 − 𝑅∗)2 + ε1𝑎1

2 + ε2𝑎2
2)  

𝐿(𝑡,X, 𝑎) = (∥ 𝑿(𝑡) − 𝑿∗(𝑡) ∥2+ 𝜀1𝑎1
2 + 𝜀2𝑎2

2)                                                                                          (6) 

 

Optimal control problem is defined as follow: Find 𝑎∗ = (𝑎1
∗ , 𝑎1

∗) such that 

𝐽(𝑎∗) = min
𝑎∈𝒜

𝐽(𝑎)                                                                                                                                           (7) 
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on the set 𝒜 = {𝑎: [0; 𝑇] → [0; 1]2, measurable} under the constraints of Equation (1). 

 

Let’s denote  

ℱ = {(𝑿, 𝑎)  feasible for (7)},  
the set of feasible pair (𝑋, 𝑎). 

 

4.1 Trajectories Analysis 
Let 𝑓 = (𝑓𝑖)𝑖∈𝛬 be the right-hand side of Equation (1) for 𝑋𝑖 − compartment where 𝑖 ∈ 𝛬 = {1, … ,6}. Let’s 
recall 𝒟 defined as in Section 3.1 and 𝑁0 the initial total size of the population. The system (4) can be 

rewritten as follows: 

𝐗̇𝑖 = 𝑓𝑖(𝐗, 𝑎) for 𝑖 ∈ 𝛬                                                                                                                                  (8) 

 

with 𝑋𝑖 is the 𝑖 −th component of the vector state 𝐗 = (𝑆, 𝐸, 𝑈, 𝑉, 𝐻, 𝑅)𝑇 of the system and 𝑎 the control. 

We see that the function 𝑓 ∈ 𝒞1(𝒟 × [0; 1]2; ℝ6). 

 
The following theorem ensures the existence of a unique solution. 

 

Theorem 3. For any control a(⋅) ∈ [0; 1]2, the system (4) has a unique, Lipschitz continuous solution.  

Proof: Following Fleming et al. (1975) it suffices to show that for all 𝐗 = (𝑆, 𝐸, 𝑈, 𝑉, 𝐻, 𝑅)𝑇 and 𝐘 =
(𝑆′, 𝐸′, 𝑈′, 𝑉′, 𝐻′, 𝑅′)𝑇 in 𝒟 and a(⋅) ∈ [0; 1]2, there exists a constant 𝐶 such that: 

{
∥ 𝑓(𝐗, 𝑎) ∥≤ 𝐶

∥ 𝑓(𝐗, 𝑎) − 𝑓(𝐘, 𝑎) ∥≤ 𝐶∥ 𝐗 − 𝐘 ∥
                                                                                                            (9) 

 

Since 𝑓 is at least 𝐶1 with respect to its variables 𝑡, 𝐗, 𝑎 in bounded set 𝒟 × [0; 1]2; ℝ6 the condition (9) is 

immediately satisfied.  
 
We now discuss the existence of an optimal control pair 𝑎∗ by proving that under certain conditions the 

following theorem guarantees the existence of optimal control of the problems (7)-(4). 

 

Theorem 4. Consider the control problems (7)-(4). Since (9) is satisfied, there exists 𝑎∗ ∈ 𝒜 such that 

Equation (7) holds. 

Proof: We use the existence theorem in Fleming et al. (1975) theorem III. 4.1. p.68-69. Since Equation (7) 

is satisfied, it remains to verify: 

• ℱ is not empty. 

• 𝒜 is convex and closed. 

• The integrand of the objective functional is convex in 𝒜. 

• There exist constants 𝑐1, 𝑐2 > 0, and 𝛽 > 1 such that the integrand L(𝑡, 𝑋, 𝑎) of the objective functional 

satisfies. 

L(𝑡, 𝑋, 𝑎) ≥ 𝑐1(∥ 𝑎 ∥2)β/2 − 𝑐2. 

 

The theorem 3 on the existence of solution of the system (4) ensures that ℱ is not empty. Hence, condition 

1 holds.  

The set [0; 1]2 is convex and closed.  

The integrand 𝐿(𝑡,X, 𝑎) is convex.  

 

For the fourth condition  

𝐿(𝑡,X, 𝑎) = (∥ 𝑿(𝑡) − 𝑿∗(𝑡) ∥2+ 𝜀1𝑎1
2 + 𝜀2𝑎2

2), 
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Since ε1, ε2 > 0, there exists 𝑐1 > 0 with min(ε1, ε2) > 𝑐1such that ε1𝑎1
2 + ε2𝑎2

2 ≥ 𝑐1 ∥ 𝑎(𝑡) ∥2. 

 

Hence there exists 𝑐2 > 0 such that ε1𝑎1
2 + ε2𝑎2

2 ≥ 𝑐1 ∥ 𝑎(𝑡) ∥2− 𝑐2. 

 

Finally, considering 𝛽 = 2, the condition 4 holds.  
 

We use Pontryagin’s maximum principle to deal with the necessary optimality conditions and introduce the 

following Hamiltonian for optimal control problems (7)-(4): 

ℋ(𝑎) = ∑ 𝑝𝑖𝑖∈𝛬 𝑓𝑖 +
1

2
((𝑆 − 𝑆∗)2 + 𝐸2 + 𝑈2 + 𝑉2 + 𝐻2 + (𝑅 − 𝑅∗)2 + 𝜀1𝑎1

2 + 𝜀2𝑎2
2)                        (10) 

 

where, (𝑝𝑖)𝑖∈𝛬 are adjoint functions and 𝑓𝑖 is given by the right-hand side of Equation (4) for 

X𝑖 −compartment. 

 

Theorem 5. Assuming 𝑎∗ the optimal control of problems (7)-(4) and 𝑋∗ the corresponding optimal 

trajectory. Then there exists an adjoint vector (𝑝𝑖)𝑖∈𝛬 such that the following systems hold: 

{
  
 

  
 

𝑆̇(𝑡) = 𝛿𝑅 − 𝛽𝑢𝑆𝑈 − 𝛽𝑣𝑆𝑉 − 𝜂𝑆

𝐸̇(𝑡) = 𝛽𝑢𝑆𝑈 + 𝛽𝑣𝑆𝑉 − 𝜈1𝐸 − 𝑎1
∗𝜈2𝐸

𝑈̇(𝑡) = 𝜈1𝐸 − 𝑑1𝑈 − 𝜉𝑈

𝑉̇(𝑡) = 𝑎1
∗𝜈2𝐸 − 𝛼𝑉 − 𝑑2𝑉

𝐻̇(𝑡) = 𝛼𝑉 − 𝑑3𝐻 − 𝑎2
∗𝛾𝐻

𝑅̇(𝑡) = 𝜉𝑈 + 𝑎2
∗𝛾𝐻 + 𝜂𝑆 − 𝛿𝑅

                                                                                                    (11) 

 

with initial conditions 

{
𝑆(0) = 𝑆0, 𝐸(0) = 𝐸0, 𝑈(0) = 𝑈0,

𝑉(0) = 𝑉0, 𝐻(0) = 𝐻0, 𝑅(0) = 𝑅0
                                                                                                  (12) 

{
  
 

  
 

𝑝̇1 = 𝑆 − 𝑆∗ + (𝛽3𝑈 + 𝛽4𝑉)(𝑝2 − 𝑝1) + 𝜂(𝑝6 − 𝑝1)

𝑝̇2 = 𝐸 + 𝑣1(𝑝3 − 𝑝2) + 𝑎1
∗𝜈2(𝑝4 − 𝑝2)

𝑝̇3 = 𝑈 + 𝛽3𝑆(𝑝2 − 𝑝1) + 𝜉(𝑝6 − 𝑝3) − 𝑑1𝑝3

𝑝̇4 = 𝑉 + 𝛽4𝑆(𝑝2 − 𝑝1) + 𝛼(𝑝5 − 𝑝4) − 𝑑2𝑝4

𝑝̇5 = 𝐻 + 𝑎2
∗𝛾(𝑝6 − 𝑝5) − 𝑑3𝑝5

𝑝̇6 = 𝑅 − 𝑅∗ + 𝛿(𝑝1 − 𝑝6)

                                                                             (13) 

 

with transversality conditions  

𝑝𝑖(𝑇) = 0, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖 ∈ 𝛬                                                                                                                             (14) 

 

Furthermore 𝑎∗ is characterized by  

𝑎∗(𝑡) = [max(0; min(𝑎1
∗(𝑡); 1); max(0; min(𝑎2

∗(𝑡); 1))]                                                                        (15) 

with  

𝑎1
∗(𝑡) =

𝜈2𝐸(𝑡)(𝑝𝐸(𝑡)−𝑝𝑉(𝑡))

𝜀1
, 

 

and  

𝑎2
∗(𝑡) =

𝛾𝐻(𝑡)(𝑝𝐻(𝑡)−𝑝𝑅(𝑡))

𝜀2
.  
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Proof: From the Pontryagin’s Maximum Principle, if (𝑎∗, 𝑋∗) is optimal then we have the following 

Hamiltonian systems: 

𝑋̇𝑖 =
∂ℋ

∂𝑝𝑖
    for  𝑖 ∈ 𝛬   with   X𝑖(0) = X𝑖0                                                                                                 (16) 

𝑝̇𝑖 = −
𝜕ℋ

𝜕𝑿𝒊
    for  𝑖 ∈ 𝛬   with   𝑝𝑖(𝑇) = 0                                                                                                 (17) 

 

and 

ℋ(𝑎∗) = min
𝑎∈[0;1]2

ℋ(𝑎).  

If 𝑎∗ ∈]0; 1[2 then  

∂ℋ

∂𝑎
= 0.  

 

Solving this equation yields 

𝑎1
∗(𝑡) =

𝜈2𝐸(𝑡)(𝑝𝐸(𝑡)−𝑝𝑉(𝑡))

𝜀1
, 

 

and 

𝑎2
∗(𝑡) =

𝛾𝐻(𝑡)(𝑝𝐻(𝑡)−𝑝𝑅(𝑡))

𝜀2
.  

 

Since 𝑎∗ ∈ [0; 1]2 then Equation (15) is deduced. Calculating Equations (16) and (17) gives Equations (11) 

and (13). 

 

4.2 Dynamic Programming Principle 
The optimal control problems (7)-(4) can be solved by solving a first order partial differential equation 

called Hamilton-Jacobi equation. 

 

Let 𝑍(𝑡, 𝐗𝑡), known as the value function, be the value of the objective function 𝐽 from 𝑡 to 𝑇 when an 

optimal policy is followed from 𝑡 to 𝑇, given 𝐗𝑡 = 𝐱: 

𝑍(𝑡, 𝐱) = min
𝑎∈𝒜

 𝐽(𝑡, 𝐱, 𝑎),  

with 𝐽(𝑡, 𝐱, 𝑎) =
1

2
∫ 𝐿

𝑇

𝑡
(𝑠, 𝐗𝑠, 𝑎) 𝑑𝑠. 

 

Now, we are going to give the Hamilton-Jacobi equation by using dynamic programming principle. 

 

Theorem 6. Suppose that 𝑍 ∈ 𝒞1([0; 𝑇] × 𝛺), then the following dynamic programming equation: 

{
−

𝜕𝑍

𝜕𝑡
+ 𝐻(𝑡, 𝑥, 𝐷𝑍) = 0  𝑖𝑛 [0; 𝑇] × Ω

𝑍(𝐱, 𝑇) = 0  𝑜𝑛 Ω,
                                                                                                   (18) 

 

holds. 

With for (𝑡, 𝑥, 𝑝) ∈ [0; 𝑇] × 𝛺 × ℝ6  

𝐻(𝑡, 𝑥, 𝑝) = sup
𝑎∈𝒜

 [−𝐿(𝑡, 𝑥, 𝑎) − 𝑝 ⋅ 𝑓] = sup
𝑎∈𝒜

 [−ℋ(𝑡, 𝑥, 𝑝, 𝑎)].  

 

Before doing the proof, let’s give the following dynamic programming principle. 
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Lemma 1. For any initial condition (𝑡, 𝑥) ∈ [0; 𝑇] × 𝛺⃐ , 

𝑍(𝑡, 𝑥) = inf
𝑎∈𝒜

[∫ 𝐿
𝑡+ℎ

𝑡
(𝑠, 𝑥(𝑠), 𝑎(𝑠))𝑑𝑠 + 𝑍(𝑡 + ℎ, 𝑥(𝑡 + ℎ))]                                                                (19) 

 

Proof: Of theorem 6, By dynamic programming principle (19) in lemma 1, we have for small ℎ > 0 for 

any 𝑎 ∈ 𝒜, 

𝑍(𝑡, 𝑥) ≤ ∫ 𝐿(𝑠, 𝑥(𝑠), 𝑎(𝑠))𝑑𝑠
𝑡+ℎ

𝑡
+ 𝑍(𝑡 + ℎ, 𝑥(𝑡 + ℎ))

0 ≤ ∫ 𝐿(𝑠, 𝑥(𝑠), 𝑎(𝑠))𝑑𝑠
𝑡+ℎ

𝑡
+ 𝑍(𝑡 + ℎ, 𝑥(𝑡 + ℎ)) − 𝑍(𝑡, 𝑥)

0 ≤
1

ℎ
∫ 𝐿(𝑠, 𝑥(𝑠), 𝑎(𝑠))𝑑𝑠

𝑡+ℎ

𝑡
+

1

ℎ
[𝑍(𝑡 + ℎ, 𝑥(𝑡 + ℎ)) − 𝑍(𝑡, 𝑥)]

  

 

Then passing to the limit ℎ → 0 yields 

0 ≤ 𝐿(𝑡, 𝑥(𝑡), 𝑎(𝑡)) +
𝜕𝑍

𝜕𝑡
(𝑡, 𝑥) + 𝑓(𝑡, 𝑥, 𝑎) ⋅ 𝐷𝑥𝑍 . 

 

Finally, multiplying by (−1) and taking the sup yield 

−
𝜕𝑍

𝜕𝑡
+ 𝐻(𝑡, 𝑥, 𝐷𝑍) ≤ 0.  

 

Assuming 𝑎∗ is the optimal control and 𝑥∗ the corresponding optimal trajectory. Moreover, since 𝑍 is 𝐶1 

and 𝒜 is compact then by the dynamic programming principle we have 

𝑍(𝑡, 𝑥∗) = ∫ 𝐿(𝑠, 𝑥∗, 𝑎∗)𝑑𝑠
𝑡+ℎ

𝑡
+ 𝑍(𝑡 + ℎ, 𝑥∗(𝑡 + ℎ)).  

 

Using the same arguments and steps as above: 

−
𝜕𝑍

𝜕𝑡
+ 𝐻(𝑡, 𝑥, 𝐷𝑍) = 0.  

 

5. Numerical Simulations 
In this section, the aim is to illustrate the results obtained by numerical simulations based on real data from 

COVID-19 in Senegal. This involves analyzing the impact of the controls on the evolution of the disease. 

To do this, we make a comparison between the ODE and the OCP based on three tests: 

• Test 1: low vaccination rate 𝜂 = 0.00127269, lower re-susceptibility rate 𝛿 = 6.36347 10−6 and high 

hospitalization rate 𝛼 = 0.7. 

• Test 2: high vaccination rate 𝜂 = 0.0127269, low re-susceptibility rate 𝛿 = 6.36347 10−4 and low 

hospitalization rate 𝛼 = 0.07. 

• Test 3: high vaccination rate 𝜂 = 0.0127269, high re-susceptibility rate 𝛿 = 6.36347 10−2 and low 

hospitalization rate 𝛼 = 0.07. 

 

The tests come from the paper (Ly et al., 2022). The authors fitted the parameters of the tests to Senegal’s 

Covid-19 data.  

 

The initial population is set to 8 ⋅ 106 and the initial states to: 𝑆0 = 785.7353 ⋅ 103, 𝐸0 = 150.42 ⋅ 103, 

𝑈0 = 1.2043 ⋅ 103, 𝑉0 = 7.4412 ⋅ 103, 𝐻0 = 4.8786 ⋅ 103, 𝑅0 = 1.9154 ⋅ 103.  

 
We use Gekko Optimization Suite (Beal et al., 2018) in python (Van Rossum, 1995). We use the same real 

data as in the paper (Ly et al., 2022). We make simulations of 365 days. 

 

The following Table 2 gives the parameters for the three tests we performed: 
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Table 2. Table of parameters: values of parameters for different tests. 
 

Parameters Values of test 1 Values of test 2 Values of test 3 

𝛿 6.36347 ⋅ 10−6 6.36347 ⋅ 10−4 6.36347 ⋅ 10−2 

𝛽𝑢 2.65884 ⋅ 10−8 2.65884 ⋅ 10−8 2.65884 ⋅ 10−8 

𝛽𝑣 2.53223 ⋅ 10−8 2.53223 ⋅ 10−8 2.53223 ⋅ 10−8 

𝜂 0.00127269 0.0127269 0.0127269 

𝑣1 0.141481 0.141481 0.141481 

𝑣2 0.141481 0.141481 0.141481 

𝑑1 0.001 0.001 0.001 

𝑑2 0.001 0.001 0.001 

𝑑3 0.001 0.001 0.001 

𝜉 0.05 0.05 0.05 

𝛼 0.7 0.07 0.07 

𝛾 0.0667 0.0667 0.0667 

 

 

The necessary controls to reduce the pandemic in different situations or tests will be analyzed. The tests 

will show that the effort needed to control and reduce the disease may depend on vaccination, re-

susceptibility, and hospitalization rate. 

 

5.1 Case Study: ODE 
In this subsection, numerical simulations of the ODE model (1) are given to see the evolution of the disease 

without applying any strategy. That is, there is no control in the model (Figure 2). 

 

5.2 Case Study: OCP 
Numerical results of the optimal control problem are shown in this subsection. Figures 3 and 4 describe 

respectively optimal states and optimal controls and objective function of test 1.  

 

Figures 5 and 6 show respectively optimal states and controls and objective function of test 2.  

 

Figures 7 and 8 refer respectively optimal states and optimal controls and objective function of test 3. 

 

Figure 9 compares the optimal control infected states with EDO infected states.  

 

Figure 10, for each state, gives a comparison between the result of test 1, test 2, and test 3. 
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States E, U, V, H. 

 
 

States S, R. 

 

 
 

States E, U, V, H. 

 

 
 

States S, R. 

 
 

States E, U, V, H. 

 
 

States S, R. 
 

Figure 2. Tests: States Exposed(E), Unknown cases(U), Known cases (V), and Hospitalized (H) in the left and 

States Susceptible(S), Recovered(R) in the right. 
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Optimal states E, U, V, H. 

 
 

Optimal states S, R. 
 

Figure 3. Test 1: optimal states. 

 

 

 

 
 

Optimal controls. 

 
 

Objective. 

 

 
 

Optimal states S and equilibrium S*. 

 
 

Optimal states R and equilibrium R*. 
 

Figure 4. Test 1: Controls, objective function and 𝑆, 𝑅 states and equilibrium. 
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Optimal states E, U, V, H. 

 
 

Optimal states S, R. 
 

Figure 5. Test 2: optimal states. 

 

 

 

 
 

Optimal controls. 

 
 

Objective. 

 

 
 

Optimal states S and equilibrium S*. 

 
 

Optimal states R and equilibrium R*. 
 

Figure 6. Test 2: Controls, objective function and 𝑆, 𝑅 states and equilibrium. 
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Optimal states E, U, V, H. 

 
 

Optimal states S, R. 
 

Figure 7. Test 3: optimal states. 

 

 

 

 
 

Optimal controls. 

 
 

Objective. 

 

 
 

Optimal states S and equilibrium S*. 

 
 

Optimal states R and equilibrium R*. 
 

Figure 8. Test 3: Controls, objective function and 𝑆, 𝑅 states and equilibrium. 
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Test 1: Without controls. 

 

 
 

Test 1: Controlled. 

 
 

Test 2: Without controls. 

 

 
 

Test 2: Controlled. 

 
 

Test 3: Without controls. 

 
 

Test 3: Controlled. 

 

Figure 9. Tests: States without control in the left and controlled States in the right, test 1, test 2 and test 3. 
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Susceptible. 

 

 
 

Recovered. 

 
 

Exposed. 

 

 
 

Unconfirmed. 

 
 

Confirmed. 

 
 

Hospitalized. 
 

Figure 10. Comparative plot of States. Without control, test 1, test 2, test 3, for each state. 
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5.3 Discussion 
Through the figures, the following two situations are compared: 

• No strategy is implemented to optimize the detection of the disease and treatment. It is the situation 

‘Without Control’. 

• Strategies on detection campaigns and patient treatments are applied in order to stem the disease as 

quickly as possible. It is the situation ‘controlled’ or ‘with control’. 

 

For the test 1 ‘without controls’, the number of hospitalizations increases considerably until reaching a peak 

of almost 60000 on the 10th day, then decreases and converges towards zero from the 100th day. We see 

the same trend with the test 1 ‘controlled’ case except that the peak is reached after 5 days and is about 

20000. The convergence of H to zero is faster after 50 days. For the unconfirmed cases, the highest peak 

and the slowest convergence are obtained in the case ‘with controls’. The exposed individuals are slower 

with the controlled system than the uncontrolled one. On the other hand, the evolution of confirmed is faster 

in the ‘controlled’ case than in ‘without controls’. All these results can be explained by the fact that during 

the first 150 days, the detection campaign is nil, and the treatment is maximal during the first 75 days (see 

Figure 4: optimal controls). By noting that the number of susceptible begins and the number of recovered 

increases, the proposed treatment is reduced from the 75th day to the 150th day. Between the 150th and the 

200th, the emphasis is on the detection campaign, which is maximal, and the proposed treatment increases. 

 

Figure 6 ‘Test 2: optimal controls’ shows that treatment is at the maximum, which lowers the number of 

hospitalized in ‘Test 2: controlled’ of Figure 9 compared to ‘Test 2: without controls’. 𝐸, 𝐻, and 𝑉 converge 

very fast to their equilibrium values with the ‘controlled’ model. Only the trajectory of 𝑈 is slow to converge 

towards zero because the detection is zero during the 200 days in Figure 9 ‘Test 2: controlled’; therefore, 

the unknown cases increase, which delays the convergence towards the value at equilibrium.  Figures 6 

‘Optimal states 𝑆 and equilibrium S*’ and ‘Optimal states 𝑅 and equilibrium R*’ show that 𝑆 and 𝑅 

converge respectively to 𝑆∗ and 𝑅∗. 

 

Figure 9 ‘Test 3: without controls’ and ‘Test 3: controlled’ show that the trajectories of the two systems 

are quite similar. We notice that the trajectories of 𝐸, 𝑈, 𝑉, and 𝐻 converge slightly faster with a ‘controlled’ 

system. Figure 8 ‘Optimal states S and equilibrium S*’ and ‘Optimal states R and equilibrium R*’ give the 

trajectories of 𝑆 and 𝑅. The vaccination is high in this test. Therefore, during the first 25 days, the number 

of susceptible 𝑆 decreases while the number of cured increases 𝑅 due to the decrease in 𝑆 and the fact that 

the treatment is at the maximum in Figure 8 ‘optimal controls’. From the 25th day, the number of healed 

has reached its maximum, so many of them become susceptible again because of the high rate of re-

susceptibility, which explains the decrease in 𝑅 and the increase in 𝑆. Also, we note a convergence of 𝑆 

towards 𝑆∗ and of 𝑅 towards 𝑅∗.  

 

Senegal COVID-19 data is biased, heterogeneous and incomplete. The model parameters are calibrated on 

this data to make simulations, and their imperfection will affect the results obtained. Even though the data 

are imperfect, whatever the country, results can provide useful information that can help decision-making. 

To better take into account imperfections in data, a consideration of delays in the model as in (Ng and Gui, 

2020) or / and a use of stochastic model as in (Ly et al., 2020) could be more suitable. However, unlike (Ng 

et al., 2020), the repetitive wave effect is prevented thanks to vaccination on the one hand and controls of 

detection and care provided to patients. In addition, in (Ly et al., 2022), the controls obtained are “bang-

bang” type, which are generally difficult to implement in practice. On the contrary in our work because of 

the deterministic nature of the model studied, we have obtained regular controls easier to implement in 

practice. 
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6. Conclusion 
In this work, we were interested in an optimal control problem of a deterministic model of transmission of 

COVID-19. The idea is to move the system towards disease-free equilibrium by minimizing a functional 

centered at the DFE. We have proved the existence of optimal control and trajectories and solved the 

problem using the Pontryagin maximum principle and the dynamical programming principle. Numerical 

simulations show that exercising controls on the detection campaign and treatment brings the system back 

to an equilibrium state, making it possible to control the disease evolution.  

 

The results have shown the effectiveness of setting up controls on detection campaigns and patient 

treatments. Indeed, these optimized controls made it possible to reduce the accumulation of confirmed cases 

and thus stem the disease faster. The possibility that individuals healed can contract the disease again is a 

very serious problem. Indeed, this leads to a wave effect of the disease, that is to say, that it comes back 

periodically. Vaccination and controls applied to detection and treatment made it possible to reduce the 

evolution of the disease. 

 

As a perspective on this work, fractional Brownian motion can be introduced to our model and optimal 

control theory applied. More data can be exploited, and Deep learning can be used to estimate parameters 

and make sensibility analyses. 
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