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Abstract

Boolean curve fitting is the process of finding a Boolean function that takes given values at certain points in its Boolean domain.
The problem boils down to solving a set of ‘big” Boolean equations that may or may not be consistent. The usual formulation of
the Boolean curve fitting problem is quite complicated, indeed. In this paper, we formulate the Boolean curve fitting problem using
the technique of atomic decomposition of Boolean equations. This converts the problem into a set of independent switching
equations. We present the solution of these switching equations and express the solution in very simple and compact forms. We
also present the consistency and uniqueness conditions for this problem again in very compact forms. A few illustrative examples
are given. These examples clearly pinpoint the simplicity gained by the Boolean-equation solving step within the overall Boolean-
fitting procedure. The method presented here can be applied to the design of Boolean functions for cryptographic systems.

Keywords- Boolean curve fitting; Boolean equations; Atomic decomposition; Cryptography.

1. Introduction

The solution of Boolean equations has received wide and continuous attention in the open literature. The
classical work of Rudeanu (1974) is one of the most complete and influencing treatments of Boolean
equations and functions. Brown (1990) explores the theory of Boolean equation solving and a wide range
of related methods. Many recent methods of solving Boolean equations have been reported in the literature,
e.g., (Balamesh & Rushdi, 2019; Barotov & Barotov, 2022; Rudeanu, 2010; Rushdi, 2001; Rushdi &
Albarakati, 2014; Rushdi & Amashah, 2011; Tapia & Tucker, 1980). Applications of Boolean equation
solving include circuit analysis (Rudeanu, 1959), digital circuit design (Rushdi & Ba-Rukab, 2003; Rushdi
& Zagzoog, 2019; Rushdi & Ahmad, 2018), cryptography (Ahmad & Rushdi, 2018; Chai et al., 2008;
Fedotova-Piven et al., 2019; Kochemazov et al., 2020), and many other diverse applications, e.g., (de
Mesquita et al., 2022; Ishchukova et al., 2020; Kalkan et al., 2022; Marovac, 2018; Pakhomchik et al.,
2022; Steinbach & Posthoff, 2015).

The problem of Boolean curve fitting (BCF), also known as Boolean interpolation, was handled as a pure
mathematical curiosity during the past century. Contributions to solutions of the BCF problem culminated
in a unified solution presented in the classical treatise on Boolean functions and equations by Rudeanu
(1974). This unified solution is derived by solving a system of Boolean equations over a finite (atomic)
Boolean algebra other than the two-valued one, referred to herein as a ‘big” Boolean algebra. As a result,
the existence of a solution (or solutions) of the BCF problem might require the satisfaction of a certain
condition, called ‘the consistency condition.” Boolean curve fitting has witnessed a recent revival, as it
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finally found a particularly useful engineering application in the area of cryptography (Ahmad & Rushdi,
2018).

The present paper is a part of an ongoing effort to transfer the BCF problem from the domain of pure
mathematics to that of engineering and problem solving. Our purpose is to convert the solution approach
for the BCF problem from one of declarative specifications (a mathematical approach) to one of
constructive procedures (an engineering approach). To achieve this, we utilize a novel method for Boolean-
equation solving via the atomic decomposition of the underlying Boolean equation into several independent
switching (two-valued Boolean) equations (Balamesh & Rushdi, 2019).

The organization of the remainder of this paper is as follows. Section 2 reviews the concepts of atomic
decomposition of Boolean variables and functions. Section 3 presents a brief mathematical introduction to
the BCF problem, while Section 4 introduces an atomic representation for it. Section 5 supports and clarifies
the exposition of Section 4 via a few demonstrative examples. Section 6 concludes the paper.

2. Atomic Decomposition of Boolean Variables and Functions

In this paper, we consider a finite (atomic) Boolean algebra B with M atoms {q,, q1, ..., u—1}- The number
of elements in B is |B| = 2M. In the following, we will use ‘v’ for the ‘OR’ operator and either ‘A’ *.’, or
juxtaposition for the ‘AND’ operator, and an overabar for the ‘NOT’ operator.

Balamesh and Rushdi (2019) have shown that any element in a finite (atomic) Boolean algebra B has a
unique decomposition in terms of the atoms of the Boolean algebra. In particular, an element p € B has a
unique decomposition of the form

P = V=0 Pmdm- N

where p,, € {0,1},m = 0,1, ..., M — 1. We call p,,, the mth atomic component of p and we loosely call the
vector p = (pg, P1, - Pu-1) € {0,1}M the atomic decomposition of p, and we will write A(p) = p and
Am(p) = pm.- It can be easily seen that A(0) = (0, ...,0) and A(1) = (1, ...,1).

Moreover, in (Balamesh & Rushdi, 2019), it is shown that any Boolean function or expression has a unique
atomic decomposition. The mth atomic component of a Boolean function or expression can be obtained by
replacing each variable and constant in the function or expression by its mth atomic component.

We will use pj,, to denote the mth atomic component of the variable or constant p and x, ., to denote the

mth atomic component of x,,. The latter will be used for any number or any type of transcripts. In addition,
for a vector x = (xq, x5, ...,x;), we will use x|, to denote the vector composed of the mth atomic
components of the elements of the vector, i.e.

le = (X1|m, X2m» ...,xle), (2)

In asimilar fashion, for any entity A, we will use A,,,, to denote an entity obtained by replacing the elements
of A with their mth atomic components.

3. On Boolean Curve Fitting

In this section, we summarize from (Rudeanu, 1974) the main results known on Boolean curve fitting
or Boolean interpolation. The problem at hand requires the determination of a Boolean curve whose
graph passes through K given points (z;,X; ), (2, X3), ..., (zx,Xgx) of the Boolean space BN*1,
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where x;, = (X1, X2, -, Xk y) € B,k =1,2,..,K and z, € B,k = 1,2,...,K. This means finding a
Boolean function f: BN — B such that
f(Xk) = Zg, k= 1,2, ,K (3)

It is reasonable to assume that the x,,’s are distinct. This is clear since if we assume that x,- = x,, then we
have two possibilities: either z, = z or z, # z,. The former will lead to two identical conditions, i.e., the
conditions in (3) are redundant. In this case, we can remove the redundancy and readjust M. The latter will
lead to a contradiction, i.e., the same x,, is mapped to two distinct z;’s. Of course, this, as we will see later,
will be caught by the consistency condition required for solving the required Boolean equation. Actually,
this consistency condition will enforce itself at the atomic level.

In this paper, we assume that B is finite and, therefore, atomic. If the problem is consistent (i.e., has a
solution), the solution is (Balamesh & Rushdi, 2019; Rudeanu, 1974; Rushdi & Balamesh, 2017)

fX) = Vyego,n f (XY, 4)
where, .
f) = (Vi1 ziXk) V pu Ni=1 X5, (5)

X = (X, X5, ... Xy) € BN, u = (uy,uy, ..., uy) € {0,1}",

X" = ANo1 Xn™ = XX XN = A (X O u), (6)
and
Xp = Ae1 X = X 3% - Xy = =1 (X © up). (7

In Equations (6) and (7), x* is defined as
u {x, ifu=1
x*=1_ :
X, ifu=20

=xQOu, 3

where, ‘©’ is the XNOR’ operator. Complementing (8), we have
W=xQu=xPu=x"*=x4 9)

where ‘@’ is the ‘XOR’ operator. Note that for x,u € {0,1}",x" = 1 ifand only if x = u.

The parameter p, in (5) belongs to the underlying Boolean algebra B, and it can be chosen independently
for each u. It should be noted here that different values of p,, do not necessarily produce distinct solutions
of (3). In other words, although there are |B| possible values for p, and 2" possible values for u, we are
not sure if there are 2"|B| distinct Boolean functions satisfying (3). It is not easy to find the number of
distinct solutions from (4) and (5). In Section 4, we will give a simple method to find the number of distinct
solutions.

The consistency and uniqueness conditions for the solution of Equation (4) are (Rudeanu, 1974):
CO0. Consistency Condition: Forany k,h € {1,2, ..., K},

(zi @ zp) Aﬁ:l(xk,n © xh,n) = 0. (10)
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UO0. Uniqueness Condition: For any u € {0,1}",
Ni=1 X} = 0. (11)

Note that Equation (5) provides independent solutions (over the choice of u € {0,1}") for f(u). Therefore,
if the uniqueness condition (11) is satisfied for a given u, then f(u) has a unique solution. Otherwise, f (u)
has up to |B| distinct solutions.

4. Atomic Representation of the Curve Fitting Problem

Let (Xn|0'Xn|1' ---'Xn|M—1); (xk,n|0;xk,n|1; y xk,n|M—1)’ (Zk|0er|1’ ---’Zk|M—1): and
(pu|0, Duj1s = pu|M_1) be, respectively, the atomic decompositions of X;;, x ,,, 2, and p,. Note that, since
u has binary components, then u,, = u.

Now, we will derive the mth atomic component of the solution in (4) and (5). Replacing each entry in (4)
and (5) with its mth atomic component, we get

flm(le) = Vue{o,l]Nflm(u)er; (12)

where,

fim(w) = <V§=11 X;cllm> V Pum) Ni=1 Xkjm: (13)
Zk=

We remind the reader here that all entities in (12) and (13) are binary. Moreover, since py, € {0,1}, we
have replaced it with pem) € {0,1} to indicate an arbitrarily binary parameter that can be chosen
independently for each pair (u;m). Equation (13) gives independent solutions for f,,,,(u) for each pair
(u; m).

The mth atomic component of Equation (10) is
(Zklm @ Zhlm) Ag:l(xk,nlm © xh,nlm) = 0. (14)

Since all variables in (14) are binary, the equation is equivalent to
Zk|m @ Zpim = 0 or Ag:l(xk,nlm © xh,nlm) =0. (15)

Equation (15) is equivalent to the following statement:

C1. Consistency Condition: For any m € {0,1,...,M — 1} and k,h € {1,2,...,K}, at least one of the
following is true:

(@) Zkym = Znjm.

and

(b) Xk|m * Xh|m:

Where, Xk|m = (xk'1|m, xk,2|m' v xk,nlm)-
The consistency condition means that no two vectors x; and x; which are identical in some atomic
component(s) are mapped to two z’s which are different in that (those) same atomic component(s). This

means that ‘at the atomic level,” two identical vectors cannot map to two different z’s. Although this might
look trivial, it is really not. It is a remarkable consequence of the atomic decomposition.
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Similarly, the mth atomic component of (11) is
/\Ilg=1xz|m = 0.

Since all entries in (16) are binary, it is equivalent to the following statement:

(16)

U1. Uniqueness Condition: Foranym € {0,1,..., M — 1}and any u € {0,1}", there exists k € {1,2, ..., K}

such that x|, = u.

Note that if the uniqueness condition is satisfied for a pair (u; m), then there is a unique solution for f},,, (w).
Otherwise, fi, (u) will have at most two distinct solutions, one for each choice of p(y;,) € {0,1}. We will

show later that, in the latter case, f},, (w) will have exactly two distinct solutions.

From (7), we can get the mth atomic component x;,,, of x; as
0, Xpm # U
1, Xklm =u’

u _ AN u —_ AN —
Xkim = An:lxk;ﬂm = /\nzl(xk,mm © un) = {

Complementing (17), we get
% = (Ag=1(xk.n|m O un)) = Vivlzl(xk,mm D un) = {

1, Xk|m FUu
0, Xgpmp =1~

To represent our results in a more concise form, for each m € {0,1, ..., M — 1}, we define
Cim = {Xim:k = 1,2, ..., K},

Copm = {Xkpm: Zgm = 0,k = 1,2, ..., K},

and
Cijm = {Xkjm: Zigm = 1Lk = 1,2, .., K}.

Using the new notation, we can see that

1, ue C“'1|m
V=1 X} ={ ",
Zkk=11 kim =10, otherwise

and

_— 0, uec
K _\/K _ ) |m
Nie=1Xkpm = V=1 Xigpm = {

1, otherwise

Additionally, we note that
VI§=11XII:|m = V11§=1X2|m = /\II§=1X2|m :
Zk=

This means that

K u K u - _
Nie=1Xpejm = 1= V=1 X = 0.
zZp=1

Using the definitions (19)-(21), the consistency condition becomes:
C2. Consistency Condition: Forany m € {0,1, ..., M — 1}, Cojmn N Cyjn, = @.
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On the other hand, the uniqueness condition becomes:
U2a. Uniqueness Condition: Forany m € {0,1,...,M — 1} and any u € {0,1}", u € C}y,,.

If the uniqueness condition is satisfied for all (u; m), then it is equivalent to:
U2b. Uniqueness Conditions: For any m € {0,1,...,M — 1}, C,, = {0,1}".

Using (22)-(25) and assuming that the consistency condition holds for a given (u; m), (i.e. Cosp N Cypm =
@), we recast Equation (13) in the form

1, ue C’1|m
fim() =40, u € Copm . (26)
Pum), U ¢ c|m

From (26), we can see that the number of distinct solutions for the Boolean curve fitting problem is
2|{(u;m):u<£€|m}| = ZZm(ZN_|CIm|) = ZMZN_Zmlclml_ (27)

where |{-}| denotes the cardinality of, or the number of elements in, the set {}.

Finally, using (12) and (26), and the atomic composition, we get

f(X) = V%;%) dm Vue{o,l}N f|m(u)xu = VuE{O,l}N VMTT_lLO QmV VA%l;lO Pu;m)dm X", (28)

u€eCqm ugCim

5. lllustrative Examples

The following three examples have previously been solved in (Rushdi & Balamesh, 2019) using the
methods of (Rudeanu, 1974) with the aid of variable-entered Karnaugh maps. Here, we solve the same
examples using the atomic formulation presented in this paper.

5.1 Example 1
In this example, we need to find £(X) = f(X;,X,): B - B,, where B, = FB(a) = {0,1,a, a} is the free
Boolean algebra with one generator (Brown, 1990). The function f(X) has the following values:

k 1 2 3 4 5 6 7 8
X = (X Xi2) (0,0) (0,a) (@0) @a) (a,a) (a,1) (1,@) (1,1)
Z 0 0 0 0 1 1 1 1

The atoms of B, are q, = a and q; = a. The atomic representations of the elements of B, are A(0) =
(0,0),A(1) = (1,1),A(a) = (1,0),A(a) = (0,1).

The sets Cojm, C1jm, and Cy,, are:

Cjo = {(0,0),(0,1),(1,0), (1, 1D}, (29)
Cojo = {(0,0),(0,1)}, (30)
C1j0 = {(1,0), (1,1)}, (31)
¢ = {(0,0),(0,1),(1,0), (1,1)}, (32)
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CO|1 = {(0'0)' (1'0)}’

and

61|1 = {(0'1)' (1'1)}

(33)

(34)

Note that Cojo N Cyj9 = @, Coj1 N C11 = B, and €p = €1 = {0,1}2. This means that both consistency and
uniqueness conditions are satisfied. Table 1 details the computation of f},,,(w) using Equation (26). From
Table 1 and Equation (28), we get

fX1,X2) = CI1_X1X2 v CIOX_1X2 V(g0 V q1)X1X,
= ﬁ)ElXZ Vv aXl)EZ V (a \Y d)Xle

= C_leXZ \ aX1X2 VX1X2 = aX1 V aXz. (35)
This is identical to the result obtained in (Rushdi & Balamesh, 2019).
Table 1. Computation of f(u) for Example 1.
u m Atom, q,, u € Cyp? fim (@) f(w) X
0 a no 0 - -
00 1 a no 0 0 X1 X
0 a no 0 _ =
() 1 2 ves 1 a XX,
0 a yes 1 —
@0 1 a no 0 a XX,
(1,1) (1) Z_ 5:: i ava=1 XX,
5.2 Example 2
In this example, we consider f: BZ — B, satisfying:
k 1 2
Xk = (xk,llxk,z) (0,0) 11
Zy 0 1
The sets Cojm, C1jm, and Cy,, are:
Cjo = {(0,0), (1,1}, (36)
Cojo = {(0,0)}, (37)
C10 = {(1L, D}, (38)
c|1 = {(0'0)' (1l1)}! (39)
Cojr = {(0,0)}, (40)

and
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(31|1 ={(1,D}. (41)

Note that Cy;o N Cyjo = B, Coj1 N Cy)y = @. This means that the problem is consistent. However, the
solution is not unique since Cjo # {0,1}? and G|y # {0,1}%. Using (27), we find that there are 22°x2-(242) =

2% = 16 distinct solutions to this problem.
Table 2 details the computation of f,,,, (u) using Equation (26). From Table 2 and Equation (28), we get
fX1,X2) = (P((o,1);o)a v P((o,1);1)d) XX,

v (P((1,o);o)a v P((1,0);1)d) X1X2 V X1 X5, (42)

where the parameters P(.):) € {0,1}. Relabeling the parameters, we get

fX1,X3) = (pav PZCE)X1X2 Vv (psaVv 1_945))(1)?2 VXX,
= (pzaVp,@)X1V (praVvp,a)X; VX1 X;. (43)

Since there are four arbitrary parameters, there are 2* = 16 distinct solutions. Table 3 shows the 16
solutions. This result is identical to the result obtained in (Rushdi & Balamesh, 2019).

Table 2. Computation of f(u) for Example 2.

u m Atom, q,, u & Cpp? u € Cypp? fim () f(w) ). &
0 a no no 0 S o
(0,0) 1 a no no 0 0 XX,
0 a yes no P((0,1);0) _ —
0,1 0)aVv 1\a X. X
oD 1 a yes no P(0,1:1) Plen:0)® ¥ Plona) 12
0 a yes no P((1,0);0) = z
1,0 0)aVv 1\a X. X
(1.0) 1 a yes no P(ox1) Pla0o)® ¥ P(an1) 12
0 a no yes 1 _
(1, 1 a o ves 1 ava=1 XX,
Table 3. All solutions of Example 2.
P3Ps 00 01 10 11
P1D2
00 X, X, axX, v XX, aX, v X, X, X VX, X, =X,
_ Y aX, Vv aX,VX,X, X, VaX, VXX,
01 ax, v X,X, ax,vaX, VXX, — aX, v ax, Z'x, v ax,
ax,vaX, VXX, X, VaX, VXX,
10 aX, VX, X, — aX, VX, aX,VvaX,VX,X, 2K, ax,
B ax,vX,vxXx, aX, VX, VXX, X, VX, VXX,
1 X2V XKy = X, =aX, VX, =aX, VX, =X, VX,
5.3 Example 3
In this example, we consider f: BZ — B, satisfying:
4 4
k 1 2 3 4
X = (Xk 1) Xk, z) (0,a) (a,a) (a,@) 1,
Z 0 0 1 1

The sets Cojm, C1jm and Cy,y, are:
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Co = {(0,1), (1,00}, (44)
Cojo = {(0,1)}, (45)
Ci0 = {(1,0)}, (46)
¢n = {(0,0),(0,1),(1,0), (1.1}, (47)
Cojr = {(0,0), (1,0}, (48)
and

Cyp = (0,1, (L)}, (49)

Note that Cojo N Cyjo = @ and Cqj1 N Cyj; = @. This means that the problem is consistent. However, the

solution is not unique since Cjo # {0,1}2. Using (27), we find that there are 22°x2=(2+4) = 22 = 4 distinct
solutions to this problem. From Table 4, the solutions are given by

fX1, X)) = P((o,o);o)aX1X2 VaX, X, VvaX;X, v (P((l,l);o)a v &) X1X;. (50)
Substituting all possible values for the arbitrary parameters, we get the four distinct solutions:

fO(XliXZ) = C_lX1X2 \Y aX1X2 \ C_lX]_Xz = aX]_Xz \Y C_lXZ, (51)
fl(Xl'XZ) = C_l)?le \ aXl)?z VX1X2 = ﬁXz \ aXl, (52)
fz(Xl,Xz) == a)?l)?z Vv a)?lXZ Vv aXl)?z Vv aX:LXZ == a)?z Vv C_le, (53)
and . ~ ~ ~

f3(X1,X2) = aX1X2 \ aX:LXZ \ aX1X2 \ X1X2 = aX2 \ ﬁXZ VX1X2. (54)

This result is identical to the result obtained in (Rushdi & Balamesh, 2019).

Table 4. Computation of f(u) for Example 3.

u m Atom, q,, u & Cpp? u € Cypp? fim(u) f(w) Xt
(0,0) (1) Z_ ;/25 22 p((o(,)o);o) P((0,0):0)% X%,
T — > ;’ :
e ——— i ; :

6. Conclusion

The main goal of this work is to set the stage for constructing a cryptosystem based on Boolean curve
fitting. The paper revisits the now classical problem of Boolean curve fitting and offers a brief exposition
of its algebraic formulation. Subsequently, it presents a novel method for its solution via atomic
decomposition into several independent switching equations, where due care is paid to the conditions for
consistency and uniqueness. Several illustrative examples are used to expose the details of the method.
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These examples demonstrate that the method efficiently constructs an exhaustive nonredundant list of all
particular solutions, without having to derive a general solution first.

In future work, we will explore potential applications of Boolean curve fitting and use the proposed method
to improve on existing methods. In particular, the application of atomic Boolean curve fitting to the design
of Boolean functions for cryptographic systems is of special interest (Cusick & Stanica, 2017; Wu & Feng,
2016). The ultimate goal is building cryptographic systems based on Boolean equations as proposed in
(Ahmad & Rushdi, 2018).
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