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Abstract

Stochastic fractional differential equations are among the most significant and recent equations in physical mathematics.
Consequently, several scholars have recently been interested in these equations to develop analytical approximations. In this study,
we highlight the stochastic fractional space Allen-Cahn equation (SFACE) as a major application of this class. In addition, we
utilize the simplest equation method (SEM) with a dual sense of Brownian motion to convert the presented equation into an ordinary
differential equation (ODE) and apply an effective computational technique to obtain exact solutions. By carefully comparing the
derived solutions with solutions from other articles, we prove the distinction of these solutions for their diversity and the discovery
of new solutions for SFACE that appear in many scientific fields, such as mathematical biology, quantum mechanics, and plasma
physics. The results introduced in this article were obtained by plotting several graphs and examining how noise affects exact
solutions using Mathematica and MATLAB software packages.

Keywords- Allen—Cahn equation, Exact solution, Brownian motion, Simplest equation method.

1. Introduction
In recent decades, fractional derivatives have generated substantial interest because of their possible use in
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several domains, including telegraph transmission (Cascaval et al., 2002), atmospheric science (Korn,
2019), chaotic oscillations (Tavazoei et al., 2008), optical fibers (Yokus and Baskonus, 2022), two-scale
thermal science (He, 2021), ecological and economic systems (Saadeh et al., 2023), mechanics (Zhang and
Bilige, 2019), chemistry (Yuste et al., 2004), and hydrology (Benson et al., 2000). physics (Abdoon and
Hasan, 2022; Prakasha et al., 2023), biology (Amourah et al., 2023; Saadeh et al., 2022), and finance (Wyss,
2000; Raberto et al., 2002). These fractional-order equations represent the memory and heirship of different
substances using fractional-order derivatives (Podlubny, 1999) and are preferred over integer-order
equations.

However, random disturbances are introduced into physical systems by a wide variety of naturally occurring
causes. It is impossible to deny these, and the existence of noise may contribute to the development of
certain statistical features and significant events. As a direct consequence, stochastic differential equations
came into existence and quickly assumed an increasingly important position in the process of modeling
phenomena across many scientific disciplines. Recently, some related studies have been published on the
numerical solutions of stochastic fractional equations (Kamrani, 2015; Liu and Yan, 2016; Mohammed,
2021; Ahmad et al., 2021a; Ahmad et al., 2021b; Zou, 2018a). The SFACE that is created by multiplicative

noise via [to” sense is considered in this investigation as follows,

2D = D2eux, £) +ulx,t) — ud(x, £) + pulx, ' (t) 1)

for 0 < a < 1, where r(t) is the standard Brownian motion and o is the fractional order of the derivative
that it symbolizes, Dy denotes the Jumarie’s -modified Riemann-Liouville derivative (JRLD), u(x, t) is the
unknown function of two variables, and p is the noise intensity. SFACE Eg. (1) holds when p = 0 and
a = 1. It has several uses in the scientific community, ranging from mathematical biology and quantum
mechanics to plasma physics. To date, a large number of effective approaches, such as the first integral
method, have been presented for this topic (Tascan and Bekir 2009), the tanh-coth method (Wazwaz, 2004),
the Haar wavelet method (Hariharan and Kannan, 2009), the double exp-function method (Bekir, 2012),
the modified simple equation method (Younis, 2014), and the Riccati-Bernoulli sub-ODE (Mohammed et
al. 2021).

In this study, we investigate the solution of SFACE (1) derived from one-dimensional multiplicative noise
using SEM (Kudryashov, 2005, Zhao et al., 2013). Additionally, we developed and enhanced previous
findings. The exciting physical phenomena could be better understood with the help of the obtained
solutions. Therefore, in this study, we focused on finding new solutions for SFACE (1). Moreover, we
analyze how the inclusion of a stochastic factor modifies the exact solutions obtained using Mathematica
software and illustrate these solutions with a MATLAB program by plotting graphs.

The strength of this study is the importance of the proposed equation, the stochastic Allen-Cahn fractional
differential equation, in the sense of the modified Riemann- Liouville derivative, which has been shown in
many applications such as mathematical biology, quantum mechanics, and plasma physics. This study
investigates the analytical and exact solutions of SFACS, which play a vital role in describing the structure
of the dynamics for phase separation in Fe — Cr — X(X = Mo, Cu) ternary alloys. These solutions describe
the dynamics of phase separation in iron alloys and are used in solidification and nucleation problems. The
dynamics of the phase separation in iron alloys are described by the Cahn-Allen equation, which is regarded
as an important model in plasma physics, quantum mechanics, mathematical biology, and fluid dynamics.
Additionally, it is used for solidification and nucleation issues (Bulut et al., 2016, Khater et al., 2020). In
this research, we discuss the algorithm for establishing a solution based on two approaches: Ricatti and
Bernoulli equations. We used an efficient computational technique to acquire precise solutions to the
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presented equation by converting it into an ODE with the notion of Brownian motion. Moreover, as an
advantage of this study, we obtained 18 solutions, all of which are exact solutions; three of which are
identical to some solutions obtained in the literature, and the other two are new exact solutions.

The remainder of this paper is organized as follows. Section 2 presents the definitions of fractional
derivatives. Section 3 explains the SEM procedure. In Section 4, we implement the SEM to obtain different
exact solutions for SFACE (1). In Section 5, we demonstrate the effect of noise terms on the exact solutions
of SFACE (1). Finally, the conclusion of this study is presented.

2. Basic Definitions
The order a for DY that denotes the JRLD of the continuous function f (x) is defined in (Jumarie, 2006),

by
(1 af
D%f(x) = F(l—a)dx_[(x OO -f)ds0<a<t,

0 a—nm
(f(”)(x)) n<a<n+1, n>1.

Additionally, we introduce the basic features of the modified Riemann-Liouville fractional operator (see
He et al., 2012, Aksoy et al., 2016),

e D% = 0.

Ay — r1+y) y-a _
e D% = Tatr-a) X Yy > a— 1.
e D2 = pepe,

e DY(af(x)) = aD*(f (x)).

e D%(af (x) + bg(x)) = aD*(f(x)) + bD*(g(x)).

e D(f(x)g(x)) = f(x)D*g(x) + g(x)D*f (x).

o DY(u(f(x)) = o' (f (x))D*(f (x)), where, o, is defined by (He et al., 2012, Aksoy et al., 2016).

3. Algorithm of the SEM

In this section, we present a simple algorithm that illustrates the basic steps of SEM and considers the
nonlinear partial differential equation:

F (U, Up, Uy, Ugp, Usepy Uy +on - ) = 0 (2)

where, F is a non-linear polynomial function. The steps of the method are as follows:

Step 1. By converting the partial differential equation in (2), into an ordinary differential using substitution:
u(x, t) = (), and { = x — ct. Thus, Eq. (2) becomes,

F(u,—cu',u',c?u",—cu’,u”,...) =0 (3)

Step 2. Assume that ¢({) can be expressed by the following infinite series:

() =Xoaix'©) (4)

where, x(¢) fulfills the Riccat or Bernoulli equation, n is a natural number that may be calculated by the
balance process, and a;,i = 0,1,2, ....., n are constants depending on the target problem. Here, we focus on
the Bernoulli equation, which is

X' Q) = ux*@) + Bx(), (5)
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where, u and S are constants.

The solutions of Eqg. (5) can be written as (Yun-Mei et al., 2013),

_ —BCy
x§) = p(C1+cosh(B({+o))—sinh(B({+o)))
(O = —B(cosh(B({+7o))+sinh(B((+{5))) ()

1(Ca+cosh(B($+{o))+sinh(B(S+{0)))
where, €, C, and &, are constants.

Riccati equation assume that,
X' (@) =pux*@Q) +Bx()+6 ()

where, y, 8, and § are constants.

The solutions of Eq. (7) can be written as (Jumarie, 2016):

__ B8 (0 sech(3¢)
x(©) = 2u Zutanh (2 () + c cosh(g()—%sinh(g()

where, 82 = B2 — 4pé.

(8)

Step 3. Substitute Eq. (4) into Eq. (3), and use formula in Eq. (5) or Eq. (7), this will convert the LHS of
Eqg. (3) into a polynomial in H({). Then, equating each coefficient to zero, produces some equations for
a;,i=0,12,....,n,and u, B are nonzero constants. After simple calculations, we solved a set of
equations to determine these parameters.

Step 4. From Step 3, substitute a;,i = 0,1,2, .....,n, into Eq. (4), lead to the precise travel wave solutions
for Eq. (2).

4. Solutions of the Allen—-Cahn Equation

In this section, we apply the SEM to solve SFACE (1). Using this technique, we create many new exact
solutions for the desired equation. To get that, we utilize a wave transformation for a stochastic fractional,
such as,

uGet) = (e O, g = (e~ ) ©

r(1+a)

where, ¢ is a deterministic function, ¢ and A are nonzero constants, and p is the noise intensity. By

differentiating u with respect to t, , and twice of fractional order a with respect x, to get the system:

2= 9(QelrT O (o1 (1) — 1) — ch 9! (eI,

DE (u(x, 1)) = ca, ' Qe O3 | (10
DE(u(x,0) = cPoy " (§)ePr 3t
Additional details on this definition can be seen [35-36].
substituting Eg. (10) in Eg. (1), we obtain the next ODE:
(@@(pr'(t) = 1p?) — cag()) eP" D727 = 25, 2" ()eP 72"t 4 el @27l (p(¢) -
P>+ p o' (1)) (11)
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In view of the fact that E(e”?) = e2°*t for the real number p and z is a standard Gaussian process, the
equality E(eP™®) = e2°"t as a result of pr(¢) is distributed like pv z. Then Eq. (11) can be arranged as

follows:
9" (D) + AP () — > D+ (1+21p2) () =0 (12)

where, | = g,. We define the solution of ¢ ({) in a finite series as Eq. (4) where n = 1 by calculated the
balancing process:

@) = ap+a;x(9) (13)

According to the simplest equation method, by choosing the Bernoulli equation, we substitute Eqg.(13) with
Eq.(5) in Eq.(12). After that, by setting the coefficients of y‘(¢) to zero, we get system of equations in
terms ag,aq, 1 and §. When determining the solution of the system using Mathematica software, we
obtained many sets of values for the constants. We chose five sets:

{ V2 + p? 2\/_clu+\/_clup
a0:_

2+ p?

Bl= \/E
g = V2 + p?
B cl
( 2 + p? —2\/_clu \/_clupz\
apg = ) a, =
B, = V2 2+ p?
V2 +p?
- _ , 1=0
cl
ap =0, = —2cly,
B; = 2 + p?
-2 A
2+ p? _ 2V2clu +V2clup?
B, = T vz T 2+ p? '
4 = ,
V2 4+ p? 3
p=—tgg A=—ghTEe?
_ 2+ p? _ 2V2clu +V2clup?
B. — ap = \/E , a1 = 2+p2
5 = ,
V2 +p?
B = T A=0

substituting these values for each set in Eq.(13) with Eq.(6), we get solutions equation for (B; — Bs)
respectively, as

PO =2 —1 4 = (14)

2+p2({+¢0) ] 2+p2({+¢p)
Cosh ] +Sinh ] +Cq
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2+p2({+40) 2+p2({+30)
2702 Cosh —V2 200 g TP 000 —C,
p cl cl
920 = (15)
24p2(+0) \ 2+p2($+40)
V2| cosh| X+—— - |-Sinh| *¥——— +C,
cl cl
J2+p? 2C,
P3(Q) =7 1- (16)
\ ( z+p2<z+co)> _ < z+p2(<+<o)> /
Cosh{ —————— |+Sinh| Y——+— |+(;
cl cl
24p2(3+40) 2+p2(¢+40)
1/2+p2<—Cosh< = 0 >+Sinh< a 0 >+C2>
94(0) = (17)
24p2(G+30) \ 2+p2(¢+40)
V2| Cosh T~ — —Sinh - — +C,
1/2+p2C1
os({) =— (18)
24p2(3+30) \ 2+p2({+40)
\/7 Cosh —T +Sinh T +Cl
24+p2(¢+{p) . 2+p2(3+30)
¥e() = (19)
24p2(G+30) \ 2+p2(¢+40)
\/E Cosh T %a —Sinh T 2a +C,
2+p2 C1
0r(Q) =] —1+ (20)
2+p2(C+0) \ 2+p2({+40)
Cosh 2ol +Sinh el +Cq
1/2+p2C2
ps(Q) = — (21)
2+p2(¢+30) \ 2+p2(¢+40)
\/E Cosh —T —Sinh 2 +Cy
\2+p? 2Cq
Po(§) =7~ 1— (22)
( z+p2<z+zo>> _ ( z+p2<z+zo>>
Cosh| ———— |+Sinh| ——— |+,
cl cl
2+p2(+0) 2+p2({+30)
©10(D) = - (23)

24p2(¢+30) \ 2+p2({+40)
V2| Cosh g +Sinh — +C,

where, {,, C;, C, constants, now recently by substituting Eq's (14-23) in Eq.(9), we will show the exact
solutions of Eq. (1) respectively,
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uy (x,t) = V—Zgz ePr®O=—0%t | _q 4 - 24 - (24)
2+p2(c x@—At)+{o) 24p2(c x®—At)+{o)
Cosh< (F(l";(lx) ) )+Sinh< (F(H:lx) ) >+C1

uy(x,t) = —W. (Cosh (_ VZ*”Z(C(ﬁxa—M)%o)) _sinh <\/2+p2(c(ﬁx“—u)+éo)) B

cl cl

cz) ( - \ (25)

\(eof oo =)/

cl

cl

\J2+p? 1 2Cq epr(t)—%pzt (26)

v cOsh< \J2+p2(C(r(ﬁa)"a'“)WO)>+Sinh<\/ 2+p2(C(r(11+a)x“"”)+5o)>+c

us(x, t) =

cl cl 1

w (o t) = J2Z ¥ 02 <—Cosh (— vere Z(C(F“l*“)xa%)“")) + Sinh < e Z(C(“li"‘)xa_u)“")) + Cz> :

cl cl

/ epr(t)—%pzt \

(27)
1) - 2+p2C1epT(t)‘%sz (28)
Us x,t) =—
ﬁ(Cosh< “2+p2(c(r(+x?xa_“)+(o)>+Sinh<J2+p2(6(r(+;co?xa_h)+zo))+cl)
2 1 a_j / 2 1 a_y
ug(x, t) = m<—COSh <_ V2+p (C(m;:l)x t)+€°)> + Sinh( e (C(m;:l)x t)+(°)>> .
epr(t)—%pzt (29)

2cl 2cl

«(( J((—)))(/((—))))

2 12 c
u7(x' t) _ 24p epr(t)—gp t (_1 + 1 \’ (30)
" \ cOsh< \J2*"2(C(‘r(—ﬁa)"“"u)’“zo)) +Sinh<\l2+p2(C(‘r(—11+a)"a‘“)+<o)>+Cl /

2cl 2cl
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P30t 3y 5%
Hale ) = T— = (31)
ﬁ(Cosh< 2+p2(c(r(lﬂra)xa—u)ﬂo)>_Sinh< z+p2(c(ﬁxa—u)+(o))62)

2cl 2cl

JE2 oot | 1 @)

U.9(X, t) =
2 Cosh( \J2+p2(c(r(1ia)xa_'1t)+50)>+Sinh<\l2+p2(C(F(ﬁa)xa_h)*'fo))_l_(:l

cl cl

] + Sinh [W(C(ﬁxa_m)%)] - CZ>

U1o (x' t) = \/E cl

epr(t)—%pztm (Cosh [,/2+p2(c(ﬁx“—/1t)+io)

1

(Cosh[ 2+p2(c(ﬁx“—lt%(o)]*—smh[ 2+p2(c(r,(+wx“—lt)+(0)}+cz)

(33)

cl cl

As stated by the simplest equation, the Riccati equation when putting Eq. (13) with Eq. (7) in Eq. (12) also
the coefficients of the functions y'(¢) equating tobe zero, the system of equations with terms a;(i = 0,1)
and p, B is solving, we obtain many sets of values for constants, we choose four sets as the ones that are,

clp ]
Ay = ——, a; = —\/Eclu,
Ry = V2 2722 2 (
—2+cl°p*—p
A=0, 6=
4c?1%u
clp
a, = —, a, =V2cl ,
R = 0 \/E 1 n
2 —2+C2l2,82—p2 ’
A=0, &=
4c212y
— 2
gy = — léclf —8\2+p ’ a, = —Zcly,
R. = 162
3 = )
Ao 3(=2Ly2 + p2 — 1p%/2 + p?) 5= —2 4 4c212B% — p?
- 2(2 +p?) ’ - 16c212p
— 2
2y = 16clf —8\2+p ’ a, = VZcly,
R — 16V2
' L 3(2WZH P M2 pT) 24 AR p?
a 2(2 + p?) ’ B 16c212u

Substituting these values for each set in Eq.(13) with the solutions in Eq.(8), we get the solutions for all
value sets Ry — Ry, respectively as,

AGE j—;( 20" Tanh (% 2@+ @)) (34)
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2402 . 1. [24p02 1, [24p2
ZCzlzu, C;fZSIIlh(EZ C;fz><1+Tanh(EZ C%)) (z+p2)COSh<Z )T h<5 2;@)

.o (1, [24p? 2 2+ . 2+ 2+ 2+
ﬁcl(ZuSmh(E( C;;) ;;fzc h( ¢ szz )cl> ﬁcl(ZuSmh(Ef C2f2> szz Cos h( 4 szz )c )

920 = (35)

03O =% 28+ (55 Ta h<§ i:—ff(uco)) (36)

2 24p2 1, [24p2 2
—2¢212y Zfﬁmh(( Efz><1+Tanh(5( c;ﬁ)) (2+p? Cosh(( )T h<¢ 23@)

@4(6) = +
e e o e e e B e
/ 2+
@ps(Q) = 2\/—<\/2+p + cl 577 T h( 2;’2 ((+<~0)>) (38)
4clu Sinh( S )(Wﬂl %5 “tel /22’2 Tan h( s ))

2+ 2+ 2+
2\/_cl<4u Slnh<zf C2f2> szzc h( ¢ szz >C1>
2 24p2
Cosh 212 cly2+p? 212 +(2+p )Tanh ( =) |G

2\/§cl<4y smh(gz 2407 ) 2427 cos h( ¢ 2;5'2)61>
1 2+p? 1 [2+p2
07 =—55| V2 +p?+cl / —7 Tanh (Z (s 50)> (40)

—4cluSinh( 2:2?2 ><m+cl\/:+clm anh(i F))
vs ({) B 2ﬁcl<4u5inh(£( %) \/@Cosh(if@)(&) *
Cosh( 2;‘;72 )(cl\/rpzﬁ+(2+pz)Tanh< ¢ Czlz ))
Zﬁcl<4u5inh(i( 2;;) \/ﬁc h( ¢ 2;;)2 )C1>

where, {,, C; constants, now recently by substituting Eq's (34-41) in Eq.(9), we present the exact solutions
of Eq.(1), respectively,

l 2+p2 1 [2+ 12
(% 8) = 5‘5( zzi Tanh (E i (c (rax — 2t) + 50))) ePT 2Pt (42)

37)

9e({) =

(39)

(41)
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24p 2+p?2
2¢21%p , Sack Smh( (r(1+a) /115) 2.2 )(1+Tanh< (r(1+a) ﬂt) 212 ))
U, (x,t) = -
2+p2\_ [24p 24p2
fcl(ZuSlnh( (F(1+a) _M) c212> c?1? COSh( (F(“’a) M) c21? >C1>

2
(2+p2)Cosh< (F(1+a) )Lt) 2;;)2 )Tanh( { 2;‘;’2)

\/—cl(ZuSmh< (1"(1+a) At) /2;2?2> 2;5’2 Cosh( (1"(1+a) /115) /2;72 >C )
cl 2+p 1 [2+p? _1.2
u(0t) = -5 26+ |7z Ta h(E\/W(C (e —2e) + Zo)) e (44)

2+p? 2+p?
u(x,t) = <—20212 w/ 22 Smh( (r(1+a) - At) szz > (1 + Tanh( (r(1+<x) - At) szz >> +
2+p? 2+p?
(2 + pZ)COSh < (I‘(1+a) - At) c2]2 ) Tanh < (I‘(1+a) At) c2]2 ) Cl) ’

12
ePT(t)—EP t

24p2 2+p2 1 /2+P
\/_Cl<2#5mh< (F(1+a) M) 6212> 2z oS h( (F(“'“) M) c21? )Cl>

ePT(®O—3p%t (43)

(45)

1 24p? 1 |2 _1.2
uss(x,t) = WE(,/Z +p2+cl /;—lpzTanh (Z ;fz (c (r(1+oo - At) + fo))) ePT(O)—3p%t (46)

,2 2 [ [z

U, t) = <4clu Smh( (F(1+oc) - At) ;—g) <w/2 +p? +cl Zfz +cl :F’Z Tan h( Nerh
2+p2 2+p2 T ,2

At) c-'z-lp2 >> Cosh < (m a At) c-;fz ) <Cl 2+ ‘02 -:fz + (2 + ‘Dz)Tanh ( (F(1+a)

pr()—zp%t
i) (22 )) c1>- ‘ (47)
12 @ -p? x% 202
ot sy 225 - com(Sre)

2+p2 _1.2
Uiz (x,t) = V2+p?+ Cl,/ o212 - Tan h( c-;fz (C (m At) + ¢o )) ePr(=3pt (48)

2+p? 2+p? 2+p?
ug(x, t) (z —4clu81nh< (F(Ha)—/lt) c212><‘/2 +p2+cl / 2z +cl f 2z Ta h< 1"(1+a)

2+p? 2+p? o4
At) szz )) + Cosh( (_F(1+a) - /'lt) szz ) <cl 2+ p2 212 ‘4 2+ pz)Tanh( (—F(Ha) -
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12
2t ePTO—3p%t
D)) (e @
2v2cl| 4pSinh Z(m_’u) 217 |~y cZz Cosh Z(F(1+a) M) 2z )61

Remark 1

We obtain identical solutions from previous studies for these three cases:

o If we put p =0, inuy5(x, t) in ref. (Aksoy et al., 2016).

e Ifweputp =0,a =1inuy;(x,t) inref. (Mohammed et al. 2021).

e The solutions u,4(x, t) and u3(x, t) in ref. (Albosaily et al., 2022).

However, the other obtained solutions in this study are completely new exact solutions.

5. The Impact of Noise on the New Solutions of SFACE (1)

Here, we examine how noise affects the exact solutions of SFACE (1). The study of how noise influences
the accuracy of exact solutions to SFACE (1) in a stochastic fractional space represents the bright spot of
this study. Therefore, we provide several visual representations to explain the behavior of these solutions.

ug(x, L)

2

2 1 t-time
b g t-time 0 o

p=0a=1 p=la=1

ug (x, 1)
ug (i, )

0 o t-time

p=4,a=1

Figure 1. Graph of the solution us(x, t) in Eq. (15) with « = 1 and different values of p.
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Several graphs were generated in MATLAB for various noise intensities, as shown in Figures 1 and 2. By
simulation of the solution ug(x, t) in Eq. (29) for t € [0,4] and x € [0,4] we can note in the first graphs of
Figures 1 and 2, when p = 0 the surface is less flat compared to other shapes. However, after some minor
transit behaviors, the surface becomes more planar when noise is introduced and the intensity of the noise
increases (p = 1,2,4) as shown in the rest graphs in Figure 1 and 2. This demonstrates the stability of the
solutions under the influence of noise.

ug(x, 1)

1 t-time

1 t-time

p=La=05

p=1

p=0,a=05

p=0

ug (a2, L)
&

4
3
2 .
1 t-time

t-time
0 o0

p=2,a=05 0 o
p=4,a=05
p= 2 p= 4

Figure 2. Graph of the solution u¢(x, t) in Eq. (29) with « = 0.5 and different values of p.

6. Conclusion

The different and new exact solutions are derived by utilizing the simplest equation method, SFACE, which
is described in the multiplicative noise by It6 sense. This method has proven its efficiency and fluency in
finding many new exact solutions using the Mathematica software. Additionally, we broadened our scope
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and improved the quality of other findings, including those described in the literature (He et al., 2012;
Aksoy et al., 2016). These results are important for gaining knowledge on a variety of physical phenomena.
In conclusion, we demonstrated the impact of the stochastic term t on the exact solutions of SFACE, where
we noticed that the stability of the solutions is influenced by the noise increase by plotting several graphs
in the MATLAB package. This research was carried out in the hope that it will be a useful resource for
future applications and explorations of exact solutions using different methods and investigating new
methods such as those in (Salah et al., 2023, Qazza et al., 2023a, Saadeh et al., 2023, Qazza et al., 2023b).
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