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Abstract

This paper presents a novel multi-criteria decision-making (MCDM) framework based on interval-valued Fermatean fuzzy sets
(IVFFSs) to effectively handle ambiguity and imprecision inherent in real-world decision environments. When accurate
assessments are not accessible, the suggested model offers a more adaptable and realistic representation of ambiguous information
by expanding classical Fermatean fuzzy theory through interval-valued membership and non-membership degrees. In order to
aggregate expert evaluations, a new group generalized interval-valued Fermatean fuzzy weighted average (GGIVFFWA) operator
is developed. This operator allows for the simultaneous examination of many advisers and deciders perspectives and incorporates
group-based parameters. The applicability and efficiency of the proposed framework are demonstrated through a real-world case
study on strategic partner selection for credit risk assessment. The obtained outcomes confirm the robustness, stability, and
reliability of the proposed technique, which are further validated through a comparative analysis with existing decision-making
approaches. General, the proposed framework offers an efficient and practical tool for solving complex MCDM problems under
uncertainty.

Keywords- Credit risk evaluation, Fermatean fuzzy sets, Interval-valued Fermatean fuzzy weighted average operator, Group
generalized interval-valued Fermatean fuzzy sets, Multi-criteria decision-making.

1. Introduction

The research topic of multi-criteria decision-making (MCDM) is rapidly advancing and provides the
optimal choice among limited possibilities based on certain features. In most practical MCDM problems, it
is difficult to provide precise data for the available alternatives due to limited information, time constraints,
and the inherent ambiguity of decision-makers (DMs). As an addition of regular sets, Zadeh (1965)
developed the idea of fuzzy sets (FSs) to overcome this drawback. This MCDM problems are determined
by the different methods such as TOPSIS, AHP, DEMATEL, VIKOR, etc. Parida (2018) discussed the
MCDM problem for both positive and negative ideal solutions using fuzzy technique order performance by
similarity to ideal solution (TOPSIS) technique. Then, Ramalingam (2018) explained an application of
MCDM problem for multi-model fusion of features in a 3D face recognition system using fuzzy interval
valued TOPSIS technique. Parida (2020) introduced the generalized fuzzy TOPSIS technique in MCDM
problem. Sahoo et al. (2023) proposed a generalized fuzzy TOPSIS approach are used in the evaluation of
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temperature for MCDM problems. In another study by Sahoo et. al. (2024) proposed the fuzzy MCDM
problem are explained in the selection of optimal college location under the basis of min-max fuzzy TOPSIS
method. Furthermore, Atanassov (1999) proposed the non-membership degree (ND) and membership
degree (MD) disclose the notion of intuitionistic fuzzy sets (IFSs), and supply the condition that the total
of MD and ND be less than equal to 1. The distinct benefits of utilizing IFSs, by Raji-Lawal et al. (2020)
and Zou et al. (2020) been recognized as suitable instruments for characterizing the vagueness and
unpredictability of practical issues. It is possible for the DMs to convey their views as MD and ND as

(\/§ /2, 5/ 2) in a number of claims. Consequently, (\/§ /2 45/ 2) > 1, IFSs is unable to handle this
scenario. Then, extending the order of intuitionistic operations and relations, and also entropy measures
under the basis of generalized fuzzy orthopartitions by Boffa et al. (2025). In order to address the issues,
Yager (2014) developed the theory of Pythagorean fuzzy sets (PFSs), which are explicated by the MD and
ND and satisfy the requirement that the squared sum of the MD and ND less than equal to 1. It is regarded
as a spare trustworthy and appropriate instrument as a result for resolving complicated MCDM problem.

For instance, Wei and Lu (2018) discussed the new power fuzzy aggregation operator in Pythagorean fuzzy
MCDM problem to develop an MCDM process. After that, Joshi (2019) investigated a range of generalized
PFSs aggregation operators. In order to handle hierarchical MCDM situations with Pythagorean fuzzy data,
Fei and Deng (2020) presented a novel decision support system (DSS). The AHP technique was recently
presented by Shete et al. (2020) for studying the PFSs reliable supply chain transformation enablers. The
decision-making trail and evaluation laboratory (DEMATEL) technique for software defined network risk
analysis was first presented by Deb and Roy (2021) in the study on PFSs. Then, employing the Choquet
integral operator, certain novel operators, that is, Choquet integral aggregation procedures based on
Pythagorean fuzzy theory, were introduced by Xing et al. (2018).

Gao et al. (2018) suggested in a MCDM situation, the Hamacher production and prioritized operators were
combined to create the Pythagorean Hamacher prioritized operators. Later, Cui et al. (2021) merged the
stepwise weight assessment ratio analysis (SWARA) and combined compromise solution representations
(CoCoSo) with PFSs to propose a hybrid framework and explore possible obstacles to internet of things
(IOT) deployment. Next, Baral et al. (2025) introduced the entropy weight based TOPSIS method for the
choice of e-waste recycling partner in an interval number. Then utilizing the TOPSIS technique in IVPFSs,
Garg (2017) explained the improved score function (ISF). In accordance with the principles of linear
programming, Garg (2018) also introduced the score function and its applications. Then, in compliance
with the logarithm laws, several logarithmic aggregation operators were developed by Garg (2019). Peng
and Yang (2016) talked about the basis characteristics of [VPFSs aggregation operators. The similarity
measures algorithm for parametric value is solved in IVPFSs by Peng and Li (2019). Next, Pamucar et al.
(2019) talked about the new weighted aggregated sum product assessment system (WASPAS) for goods
movement. Now, expand the PFSs to Pythagorean fuzzy soft sets (PFSSs) and examine their two
aggregation operators (AQOs) in the context of green supply direction by Zulgarnain et al. (2021). Mahmood
et al. (2022) presented a complicated Pythagorean aggregation operator for complex Pythagorean fuzzy sets
was presented, taking confidence levels into account. Sahoo et al. (2025) discussed the material selection
problem using the two aggregation operators that is, weighted average and geometric of interval-valued
Pythagorean fuzzy soft sets.

Moreover, Yager (2016) introduced a more expansive variation of these sets called q-rung orthopair fuzzy
sets (q-ROFSs), where the MD and NDs combined ‘gth’ power is less than 1. Also, discussed the additional
orthopair hold the bounding form, the larger dimension of an acceptable orthopair. When q = 3, Senapati
and Yager (2020) discussed the q-ROFSs as Fermatean fuzzy sets (FFSs). The MD and ND represent the
FFSs in such a way that the cube sum of their respective values is less than equal to 1. The restraint
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relationship between the MD and ND is a crucial distinction across IFSs, PFSs, and FFSs. For managing
uncertain MCDM problems, FFSs are therefore a more effective and potent tool than IFSs and PFSs.
Despite fuzzy, Pythagorean, and Fermatean fuzzy-based MCDM techniques have been developed
extensively, the majority of current models rely on exact or one-valued assessments from decision-makers.
However, because of incomplete knowledge, cognitive constraints, and inherent uncertainty, decision-
makers are frequently unable to convey their judgments using precise numerical values in real-world
decision-making scenarios, especially in group choice contexts. This limitation emphasizes the need for
more adaptable representations that can manage both group-based and interval-valued uncertainty at the
same time, a need that is not sufficiently met by current methods. A number of academics have recently
applied for diverse purposes and concentrated on the FFSs. Also, provided a decision analysis model for
FFSs called weighted product measure (WPM). Aydemir and Gunduz (2020) introduced the Dombi AOs to
FFSs in order to manage the MCDM issues. Now, Akram et al. (2020) presented a few AOs utilizing the
FFSs Einstein t-conorm and t-norm functions. Then, Garg et al. (2020) discussed several AOs on FFSs and
applied them to the COVID-19 potential evaluation. In order to address the issue of green supplier
evaluation, Keshavarz-Ghorabaee et al. (2020) developed a WASPAS methodology for FFSs, based on
Hamacher geometric operators were developed.

For the purpose of ranking the locations of electric car charging stations, Mishra and Rani (2021)
investigated a novel Fermatean fuzzy Einstein AOs based MCDM representations. Simic et al. (2023)
developed a three-phase Fermatean fuzzy group decision survey to address governments tax-collection
issues in order to finance a public transportation network in the FFSs environment. The Hamacher operating
norms served as inspiration, Hadi et al. (2021) presented a novel MCDM paradigm for cyclone disaster
assessment by defining some Hamacher AOs under the FFSs surroundings. Dempster-Shafer theory and
Fermatean fuzzy entropy were combined by Deng and Wang (2021) to create a novel Fermatean fuzzy
MCDM method. Kirisci (2023) proposed a TOPSIS based method under Fermatean fuzzy sets (FFS) on the
cosine similarity and Euclidean distance measures. Akram et al. (2023) extended the combinative distance-
based assessment (CODAS) technique in the Hamacher aggregation operators of 2-tuple linguistic
Fermatean fuzzy. In order to measure performance in two MCDM problems such as the best site for a
company’s facility in the beverage sector and Turkish research universities, the study aims to investigate
how well FFSs perform in taking advantage of ambiguity in selection and ranking decisions using TOPSIS
and SWARA techniques by Aydogan and Ozkir (2024). In the technology of renewable energy, the extended
FFSs are used in group decision-making proposed by Gocer (2024). Qi et al. (2024) proposed the MCDM
to provide an explanation of the rough set based FFSs. Then, Kirisci (2024a) discussed the MCDM problem
in the application of medical diagnosis using Fermatean fuzzy soft matrices in group decision-making.

Due to inadequate knowledge, DMs find it extremely difficult to properly list their conclusions with crisp
values when dealing with several practical decision problems under FFS conditions. It is beneficial for DMs
to base their resolution on an interval digit within [0, 1] in such situations. On the other hand, several
previous works have focused on the creation of FFSs while ignoring their expanded content. Consequently,
it is imperative to advance the notion of interval-valued Fermatean fuzzy sets (IVFFSs) which attests to the
assumption of interval values by the MD and ND. A new interval type-2 fuzzy sets (IT2FSs) with relative
preference relations (RPRs) based on the multi-attributive border approximation area comparison method
(MABAC) with the WASPAS method is established for identifying the analytical path of manufacturing
projects under group decision-making processes by Dorfeshan and Mousavi (2020). Jeevaraj (2021)
discussed the ordering principle of interval-valued Fermatean fuzzy sets, then used to describe its
applications of IVFFSs. By defining suitable operational rules, score and accuracy functions, distance
measures, and entropy-based weighting schemes, Mandal and Seikh (2022) proposed an interval-valued
Fermatean fuzzy set (IVFFS)-based multi-attribute decision-making (MADM) framework for
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sustainability-oriented decision-making problems. Additionally, they extended the classical TOPSIS
method to the IVFF environment.

In the waste recycling problem, Lugman and Shahzadi (2023) introduced the Hamacher aggregation
operator for IVFFSs. Similarly, Mishra et al. (2023) proposed an aggregation operator and elaborated the
Heronian mean operator for decision-making problems related to climate change transportation policy. In
the context of risk assessment, Kirisci (2024b) explained the application of these fuzzy sets in the domain
of driving behavior. Bouraima et al. (2023) employed a novel integrated IVFFS approach to identify the
causes of accidents and evaluate their significance, aiming to enhance safety performance on a broader
scale. Subsequently, Rani and Mishra (2022) introduced the WASPA-based approach for analyzing
decision-making problems. Furthermore, Rani et al. (2023), examined a new Einstein aggregation operator
within IVFFSs, incorporating an improved scoring function. In order to handle uncertainty in plastic waste
management selection problems, Mandal and Seikh (2023) developed a hybrid multi-attribute group
decision-making framework under an interval-valued spherical fuzzy environment by combining the
MABAC method with entropy-based and deviation-based weighting schemes, supported by Dombi
aggregation operators. By combining Dombi aggregation operators with SWARA and PROMETHEE 11
techniques, Seikh and Mandal (2023) created an interval-valued Fermatean fuzzy MAGDM framework to
handle uncertainty in the selection of biomedical waste management organizations. A novel IVFFS
approach was proposed in relation to the concept of dominance probability by Qin et al. (2024). Ibrahim et
al. (2024) presented an extended rough-based IVFFSs model for autonomous automobile in smart cities.
Furthermore, Li et al. (2024) discussed the multiple criteria group decision-making (MCGDM) approach
based on interval-valued Fermatean fuzzy sets for solving the new energy vehicle battery supplier (NEVBS)
selection problem. In order to handle uncertainty in e-waste management issues, Seikh and Chatterjee
(2024a) developed an interval-valued Fermatean fuzzy—based multi-attribute decision-making framework
that integrates the SWARA, Best Worst Method (BWM), and VlIseKriterijumsko Optimizacijom I
Kompromisno Resenje (VIKOR) approaches. The same author Seikh and Chatterjee (2024b) developed a
multi-attribute group decision-making framework based on interval-valued Fermatean fuzzy that integrates
the additive ratio assessment (ARAS) and SWARA techniques to assess renewable energy sources in the
face of uncertainty.

In the MCDM literature, the integration of group generalized interval-valued parameters with Fermatean
fuzzy information is still mainly unexplored, despite the introduction of interval-valued Fermatean fuzzy
sets (IVFFSs) to improve uncertainty modelling. Group preferences and generalized parameterized
information cannot be fully captured by the aggregation methods currently in use under IVFFSs. In order
to increase the robustness, adaptability, and realism of decision-making outcomes in challenging MCDM
issues like credit risk appraisal, a group generalized interval-valued aggregation method must be developed.
Inspired by the idea of IVFFSs, we first present the concept of group generalized interval-valued Fermatean
fuzzy weighted average (GGIVFFWA) operator with their respective features. Furthermore, using the group
generalized interval-valued parameters (GGIVPs) setup, the GGIVFFWA framework is built to handle the
MCDM problems. The main objectives of the present study are as follows:
e To present the concept of group generalized interval-valued Fermatean fuzzy sets (GGIVFFSs) along
with their basic features.
e To address decision-making issues involving IVFFSs, a novel GGIVFFWA-based MCDM framework
under the group generalized interval-valued parameters (GGIVPs) environment is proposed.
e To illustrate the effectiveness and applicability of the suggested method using a multi-criteria strategic
partner selection problem for assessing credit risk.
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The remainder of the article is arranged such that Section 2 grants the fundamental ideas concerning FFSs,
IVFFSs, and its various operations. Section 3 provides the GGIVFFWA operator and its some operation
using their parameters. A unique MCDM approach based on GGIVFFWA operator is introduced and the
practicality of the suggested strategy is displayed by the case study of choosing potential strategic partners
for credit risk evaluation provided in Section 4. Next, Section 5 discusses the comparison analysis for the
efficiency of the method. Section 6 layouts a summary of the paper and future scope.

2. Preliminaries
This section follows contains a few fundamental definitions and theorem.

Definition 2.1 (Atanassov, 1999). If 6 € Q and ) be a universal set. An intuitionistic fuzzy set I on () is
recognize with membership p; (6) and non-membership y;(6), which associate the functions mapping from
each element to the range [0, 1]. It is defined in Equation (1) as

I={{(6,(6),7,(6))16 € O} (1

where, 1;(0),y;(0): Q - [0,1] with 0 < 1;(8), +y,;(0) < 1.

The hesitation degrees I1;(6) = \/1 — u;(0) —v,(0).

Definition 2.2 (Yager, 2014). Let Q be a universe of discourse and 8 € (). A Pythagorean fuzzy set P in ()
is characterized in Equation (2) as

P ={(6,up(6),vp(0))I6 € O} 2

where, (up(6),vp(0)): Q - [0,1] with 0 < p3(0) + y3(0) < 1.

The hesitation degrees of function 1 (0) = \/1 —u2(0) —y2(6).

Definition 2.3 (Senapati and Yager, 2020). A Fermatean fuzzy set F in (1 is act in Equation (3) as
F ={(6, ur(0),vr(0))16 € Q} 3)

where, (ur(6),y£(0)):Q - [0,1] with 0 < p3(6) +y2(6) < 1.

The hesitation function I (8) = \/ 1—p3(0) — uz(0).

Definition 2.4 (Atanassov, 1999). An interval-valued intuitionistic fuzzy set I on Q is identified with an
interval-valued membership y,;(8) = [y}, u}‘], and non-membership degree y;(8) = [y}, y}‘], that indicate
how each element’s function mappings to the range [0, 1] are represented in Equation (4) as

I'={6,u(0),u,(6))6 € Q} (4)
where, (u;(0), 14;(8)): Q - [0,1] with 0 < pf, uf, ¥}, v} < 1and 0 < (sup p;(6) + supy;(6)) < 1.

Definition 2.5 (Peng and Yang, 2016). An interval-valued Pythagorean fuzzy set P on Q is identified with
MD up(0) = [u},,yg], and ND yp(0) = [y};,y},‘]. Then, it is denoted in Equation (5) as
P ={0,up(8),up(6))|0 € O} (5)
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where,
(1p(6),vp(6)):Q — [0,1] with 0 < pp, u¥, v, v¢ < 1and 0 < (sup up(6))* + (supyp(6))* < 1.

Definition 2.6 (Jeevaraj, 2021). Let 8 € Q and Q is an inclusive set. An interval-valued Fermatean fuzzy
set F on () is recognized in Equation (6) as

F ={(0,ur(6),vr(6))|6 € O} (6)

where,
(1 (0),vr(0)):Q - [0,1] with 0 < pb, ult, vE, y# < 1and 0 < (sup up(6))® + (supyr(6))® < 1.

Additionally, an IVFFN is indicate as A= (ua,ya) = {[,uz,uﬂ, [yﬁ,yﬂ} witho <pl <pf<1,0<yl<
Yt <1land0 < (up)d+ () <1

Definition 2.7 (Jeevaraj, 2021). Let A= ([uj,uf], [vA vA]), D= ([uh, vk | [vi, v&]) and A,=
([ulAZ, uXZ], [yéz, yXZ]) be three IVFFNs, and w > 0. Then

1 1

A @ Dy= ([((uil)3 +(h,)” = (55, ) () + (i)’ - (ukl)3(u2‘2)3)§] vh v vi v D

1 1
3

. 8 ® 8= (s, i al] [((ygf + ) = (A 0A)°) ].((mf F 08 - A 0
o  wh= ([1 -(1- (ui)3)%. 1-(1- (u£)3)§] AN
e el el [1- (- )1 (- 6

Theorem 2.1 (Rani and Mishra, 2022). Let A= ([,ulA, ylA‘], [yﬁ, yﬂ), and A, = <[u£q, ,ulA‘q] [yﬁq, qu]), where,
q = 1,2 be three IVFFNs, the A; @ A, A @ Ay, wA,A®, w > 0 are all IVFFNs.

Theorem 2.2 (Rani and Mishra, 2022). Let A= ([uh, p4], [vs vA]) and Ag= <[u£q,y£‘q],[yﬁq,y§q]>,

(where q = 1, 2) be three IVFFNs and w, w{, w, > 0, then
o A DA=A, DA

e A QA=4Q040

w(A; B Az) = wh; B wAh,
(A, ® A5)° = AT ® AP

o A®1®BW2= A®1 @ AV2

Definition 2.8 (Rani and Mishra, 2022). Suppose Aq=(ua,.¥a,) = < [ugq, /ﬂgq] , [yﬁq, quD, (q=
1,2,3,---,n) be an IVFFNs. Let w, be the weighted vector. The interval-valued Fermatean fuzzy weighted
average (IVFFWA) is described in Equation (7) as
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IVFFWA(AL, Ay, -+, Ay) =By g,

1

- (1 ~ g (1 - (ﬂiq)g)wq)g, (1 ~ I, (1 _ (#Kq)3)“’q>§

3. Group Generalized Interval-Valued Fermatean Fuzzy Weighted Average Operator

The interval-valued Fermatean fuzzy weighted average (IVFWA) operator is widely applied in multi-
criteria decision-making (MCDM) problems. In this framework, the group generalized IVFFWA
(GGIVFFWA) operator plays a crucial rule in consolidating the information associated with each criterion,
as GGIVPs allow for the direct integration and processing of expert evaluations.

e (vd,) ™ e (v) ] (7

Definition 3.1 Suppose A,= (#Aq,)’Aq) = ([yiq,,uxq] , [Véq'VKqD where, ¢q =1,2,---,n and y, =
(g ) = [y o 1 ) [V V2 ]) Where, k = 1,2, t be two pairs of IVFFNs. Let w, and py, be the
weighted vectors with respect to Ag and ., with ¥7_; wy = 1, wq € [0,1] and X _; p = 1, py € [0,1].
Then GGIVFFWA operator such that GGIVFFWA: @™ — 0 is defined as

GGIVFFWA({ALAZ:'ATL}' {Xli)(ZI"'iXk}) = IVFFWA(AlﬂAZIFAn) ® IVFFWA(XLXZJ"':XI{)

- <1 ~I, (1 - (ugq)3)wq>%,<1 -7y (1 - (qu)?,)wq) M= (Vf\q)wq g=1 (VAq)wq]

® <[(1 Ml (1= ()Y (1= T (1 - (u;;kf)p")%] M )™ n,zzl(ym”k]) ®)

1
3

Theorem 3.1 Suppose A,= (yAq,yAq) = ([uﬁq,ykq],[yﬁq,yﬂq”,q =1,2,---,n be IVFFNs and y; =

('“Xk' ka) = ([#&k, ,u}k], [y)l(k, y)’(‘k]), k=1,2,---,t be IVFFNs. The total value produced by the
GGIVFFWA operator is defined in Equation (9) as
GGIVFFWA({AI' AZJ ) An}J {Xll X2, ;Xt})

1

(- (1)) = (=) | 80 1030 -
Mt (1 ")) (1 Tl (1 - (uzkf)”")gl 02 s 3"
- 0 =1 68| [ -0 -
MTies (1- (u;;kf)’”‘)%], (s () T ()] [T ()™ T G221

1

T30 (78)" s )] T4 MO T) v
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Proof: To establish the aforementioned theorem for IVFFNs and the GGIVFFWA operator using the method
of induction, we begin with the base case of n = 1 and t = 1. In this case, determine w; = 1 = p;. By
applying the definition 3.1of the GGIVFFWA operator in Equation (8), it can be indicated as

GGIVFFWA (A1, x1) = (0181) @ (p1x1) = 81 @ X1

As A and y,; are an IVFFNs, then A; @ y; is also an IVFFNs by Theorem 2.1. The GGIVPFWA operator

1S written as
GGIVFFWA (A, 1) =01 ® x1 = (#Al:VAl) X ('u)h'yxl)

1

(%ﬂﬂ]@@MMfﬂﬂmwmyﬂﬁmwwyﬂkaMfUS

1
3 3 3 3\3
=<[H’Al'ﬂ2‘1]'[uéﬁ'u}él]'([yiﬂkll vl = v b vt )3>-

Therefore, it is true forn = 1 and t = 1.

Assume that the statement is true forn = uand t = v. So
GGIVFFWA ({All AZJ Y Au}J {XIJ X2, 'Xv})

= (w141 © w4, B - D wyAy) Q (P1x1 D p1x1 B - D puxv)

is an IVFFNs and
GGIVFFWA ({AI'AZJ Tty Au}J {XIJ X2 'Xv})

1

<%—L&ewaf@-h@%%ﬂﬁ1H4mW
- [(1— g=1(1—(ugq)3)wq>§

(“@*%Wﬁqbﬁ%%ﬂﬂik%kwjff

(1= (=) e 1 2 s

,@—%@4ﬁﬂﬂ1k-;
") (0 3= )Y | (1 o) )

(1-(1-

)wq g=1 (Y

k()]

(1-

+

1=

NI

[ %=1(y)l(k)pk’ Z=1(ka)pk]3—[ g=1 (yﬁq)wq Z 1( K) ] [H 1(ka pk Hk 1( Xk)pk] )
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To prove the statement forn =u+ landt =v + 1.
Forn =u+ 1andt = v + 1, we aim to demonstrate the true of this assertion.

GGIVFFWA ({A1, 05, -+, Aysr b T X20 » Xv41})
= (w181 @ W24, D+ D wyr18y+1) @ (P1X1 D p2x2 D -+ D Py+1Xv+1) is an IVFFNs and
GGIVFFWA ({A1, Az, -+, Aysr 3, It X200 Xw41 )

1

= <1— gz%<1_(#2q)3>“’q>5 (1_ u+1(1 MAq ] [ v+1 _
) (1= (- ) | (et )" s ()
ez s~ 1t ) et )" [t i) ) )

1
3

The statement n = u + 1 and t = v 4+ 1 is true. The method of induction, it is concluded that the results
are hold for all values of n and t. Hence, completed the proof of the theorem.

The GGIVFFWA operator must satisfy the following requirements.

1) Idempotency
Let Aq = (#Aq’yAq) = <[‘ulAq"ulA‘q]’[y£q’qu:|>’q =12,-,n and Xk = (‘u)(k’y)(k) =
([ 2 ] [Vh Vi) k = 1,2, -+, t be two groups of IVFFN. Let w, and py be the weighted vectors with

respect to A, and ., with satisfying the conditions of weight. So, all the IVFFNs A, and y;, are identical,
say Ag= A, xy = X, then Equation (10) represents

GGIVFFWA ({Ay, Ay, A Ly X0+ Xe D)
= IVFFWA (A1, Ay, -+, 0y) @ IVFFWA (y, X200 xx) =AQ x (10)

Proof: As Aq = A = (up,¥a) = ([a, i) [va v&]) and xi = x = (1 ¥y) = ([0 %) [y V2] Vi K,
then
GGIVFFWA ({AliAZJ Y An}: {XllXZJ iXt})

= IVFFWA(Al,Az,"',An) ® IVFFWA(Xl'XZI "',Xt)
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- l(l—nz;1(1—(#2q)3)wq>g'(1— (1= () Hl‘“kl
5 ) (1 55 | () )

1

[0 (k)™ a2 = [T (7, ) T (7 )] [l ) T2 )
_ [(1 _ (1 _ (u£)3)23=1wq>5, (1 _- (MX)3)221wq);] . [(1 _ (1 _ (“5()3)2:%:191()5’ (1 ~ (1 _

(#%)3)21%:1%);{)3“ <[(y£)23:1wq'(yk)zgﬂwqr N [()/X)Zk 1Pk ()/ )Ek 1Pk] _

1
3

n n 3 t t 3
[(yé)zqﬂ“’q,(yX)quwq] .[(y)l()zk_1pk’(y)1(1)zk_1pk] )

<[MA ] Ik st], (vl + kol - rkodT’ [V},V;}‘]3)§>

= (.uAJ yA) ® (.Ll)(, Y)()

= ([ wk] [va vE]) ® ([ ), [vao v 1)
=AQx

2) Boundedness

Suppose (/J'Aq yAq <[nuiq' /"llAlq] ’ [)/éq' )/Kq:l> q = 1,2,:,n, and Xk = (‘u)(k’ ka) =
([uxk “)(k] [ka V)(k]> =1,2,:,t be two groups of IVFFNs with

8= | min {u,}, max {ra,}]
o= max {1} min s, }]

% = | min i, maxfr, ],

= [max{u,}, min {1, }]
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Then, Equation (11) shows

A™ Q® x~ < GGIVFFWA{Ay, Az, -+, Al e X2 xe ) S AT @ x ™ (11)

Proof: For any q, we have

[

1
3

(1- zﬂ(l—(uzqf)wq)é(l_ pea (1= (1)) ) | = )

and
(M= (7h,)™ Tz (v,)™) 2 (Mg (min )

- mqin{yéq,ykq} - mqin{yAq}

w

i () )
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(i ) 00 () 2 i )
Again,

(B0 04) M (7)) = e}

Thus,
mqin {,qu} S o, S m;lx {qu} and mqin {yAq} SVa, S mqax {yAq}.

Similarly, for any k, we found
min{uy, } < iy, < max{uy, } and minfyy, } <y, < max{y,,}

Now
1

<1—H2=1(1—(M£q)3)w ) (1 My-a (1
Mo (1- (#%k)3)pk);]> > min{uy, }min{iey, };

[(1—H3_1(1—(uzq)3)w> (1= (1 (

[Tk=1 (1 - (I&k)3)pk)3]> < m‘?x {,UAq} m’?X{Mxk}

1
3

] (-1 (- 00 -

1

1
3

w

Hl M (1 (1)) )(

and

([nz;l(y)éq)‘"" ()] + ] M () T (2)™ ] -
11 ()" i ()] [0 T2 )
> <(mqin {yAq})3 + (mkin{y)(k})3 - (mqin {qu})g . (mkin{yxk}f) :

Now
GGIVFFWA({Dy, Dy, -+, g}, Ut X0 X2 )

Wl
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Wl

o R Ty (R 8y ) R TR

)" (i 5 (s (1) e 2)

1

3

[0 Ok ) M) = [T (v, ) T () [szl(yf(k)"",szl(nz;)p"r)

1

< (m;lx {qu}) (m’?x{uxk}),
<(mqi“{#Aq})3 + (mki“{yxk]f - (m,}“ {qu})3 ' (m,}“{yxk})zf =A@t (12)

and
GGIVFFWA({A1, Az, -+, An}, {n X200 Xe}) 2 (mqin {m}) (m,jn{#xk}) ;

(maxfro)) + Cmpsti)' = (mox(rad))  (mprtind) ) =7 @ 03

Thus, from Equations (12) and (13), we have
A" ® x~ S GGIVFFWA{AL, Ay, - AL O Xz o xe D) < AT Q xt.

3) Monotonicity
Suppose Ag= (qu,}/Aq) = <[M1Aq'.ukq] [Véq'VKqD' and Ag = (“AZ'VAZ) - <[‘uia,,uxa] [YAE’YKED’ 1=
1,2,---,n be two distinct groups of IVFFNs. Also, y, = (:u)(k’y)(k) = <[#§gk'#%k][)’}5k')’%{])' and X, =

('“X;Z'VX}E) = <[,u§(;;,u;;;] [yi;,y}éd), k=1,2,---,t be other two groups of IVFFNs, with Ha, <
Has s Yag 2 Vg and py, < By Vi 2 Vs o for any q and k. Thus, Equation (14) represents
GGIVFFWA({All AZ: ) An}: {Xll XZ' o IXt}) S GGIVFFWA({A;!AE' Tty A;l}: {XI'X;J o JX;}) (14)

Proof: For any ¢, Hag < Bays Yag 2 Yoy

that is ulAq < ulAa, i, < 1 yjq > Yﬁ;‘,  Mi, = Hp: , we have
3\ ?q 3\ ¥q 3\ ¥q 3
_ l _ l _(,u > —(y%
(1-(h)) "= (=) ) (1= () "2 (1))

(rh)"™ = ()" ()™ = ()™

Thus,

Wq
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q=1 ( q=1
1 1
= 3\%q 3 - 3\ ?q 3
L1680 (T )
q=1 q=1
n : wq n l wq n . wq n y wq
(i) "= | [O) "] [ ()" =] ] ()
q=1 q=1 q=1 q=1

Forany k, p,,, < By s Ve S Vi o
: l l u u o, o4l l u u
that is, puy, < By My < Byt Yk = Y Ve = Vi becomes

1 1
3 3

(1-Tljen (1- (ugfkf)pk) < <1 — Iy (1 - (u;;;)?))pk) ,
(1 -1, (1 - (u}ék)g)pk)g < <1 — k=1 (1 — (M;;{)?))pk)g;
s (7)™ = Mica (7)™ Tea ()™ = M ()™

[<1- - (1-())") - 2-1<1—(uzz)3>wq);]'[@-Hfm(l—<uéck>‘°’)"">?(1—

1
3

e (1 20°)")

1383 | Vol. 11, No. 3, 2026



Swain et al.: Interval-Valued Fermatean Fuzzy Multi-Criteria Decision-Making for ......

(1830 () M3 (52)T + [ O a2 -
s 8, T (8T [0 20" )
> ([ ()" Ml (72,)"] + [Tocs 00 a0 -

1

0502 (r4,) 03 ()] [Meca O T 0T )

Now,
GGIVFFWA{Ay, Ay, -+, AL it X 0 Xe )

(1- 321(1-(%)3)“"1)3(1- b= (1= \ (-1 (-
)Y (1~ Tl (1~ (") )] ([H ()" s (1) +

[Hi:l(y;k)pk'Hi:l(y)yk)pk]?,_[ =1 (Viq)wq q= 1(VAq) Hk 1(ka)pk [Tk-= 1(ka)pk] )

e = = )Y =) e
)= 1)) - ()™ 2

3

[T ()™ Tl (72)™] = [Tt () T (02)”]
16y () M (02" )

= GGIVFFWA({AL, A%, -+, A} {xd X3+, X D).

4. MCDM Problem Based on GGIVFFWA Operator to Credit Risk Evaluation

This section introduces a distinctive MCDM approach for credit risk evaluation process for potential

partners based on the GGIVPFWA operator. The principle of GGIVPFWA operator can be outlined as

follows:

(a) The adviser initially provides criterion data through IVFFSs and subsequently presents the interval-
valued Fermatean fuzzy (IVFF) decision matrix for various alternatives.
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(b) The decision-makers construct the GGIVPs matrix by utilizing GGIVs to assess the exactness of the
criterion information.

Subsequently, the criterion values and GGIVPs undergo aggregation through the GGIVFFWA operator,
resulting in the determined values. Eventually, the aggregated values corresponding of each alternative are
analysed to determine the optimal potential strategic partners.

4.1 Proposed Method

Consider the sets A = {Ap}, where,p =1,2,---,m, and C = {Cq}, where, g = 1, 2,--, n, representing the
strategic partners of alternatives and criteria, respectively. Additionally, leta = ay,h =1,2,---,s,and d =
dy,k =1,2,---,t, denotes the advisor and decider sets. Define w = (w;,wy, ,w,) , @ =
(w1, @5, -, @5)T,and p = (py, P2, -, pr)T as the weighted vectors of criteria, advisor, and decider,
respectively. To select the strategic partners using the GGIVFFWA operator, the MCDM technique performs
the following steps:

Step 1. The advisor, denoted as ay, initially transforms the criterion data through the use of IVFFSs
representation. The advisor furnishes an IVFF decision matrix, denoted as F* = (A q) deﬁned as

B = () = (i ¥og ) = (i) i) 15

mxn

Step 2. The deciders construct the GGIVPs matrix, denoted as G, with dimension s X t, by transposing the
accuracy assessments of each adviser’s submission of criteria information, represented as yy , defined as

T T
G= (th)SXt ('u)(hk’y)(hk)sxt ([Mth’Mth] [y)(hk’y)(hk] >s><t (16)

Step 3. To normalize the IVFF decision matrix, (IFh)
< I:MlAh JMZh ] [VAh ;VAh ] >,q € B;

Fh—ah = (G, 7. )=
F Apq (“qu’VAﬁq) <[VAh ,)/Ah ] [IJAh '”Ah ]>,q eC.

)

where, B and C are the benefit and cost criterion.

Step 4. To generate the aggregate values C"(4) = ((Ch (A),CM Ay, ,Ch (Am)), where Ch(Ap)
represents the aggregate data for each alternative A, , we employ the GGIVFFWA operator. This operator

combmes the aggregate qu, where p =1,2,---,m; q =1,2,---,n and ypy,where, h=1,2,::+,s; k =

1,2,
(Ch(Ap) GGIVFFWA({Apll p2’ "':Egn}; {XhlthZJ ""Xht})

== o 1) -
(5 )")") (e (1= G | (08 ) s ()T

W
W
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|-y (Vigk)pk =1 (y;ﬁk)pkr)g (18)

Step 5. Compute the total aggregate data of each alternative, and
(C(AP) = Z}qlzlwh(ch(Ap)J b= 1! 2;"'Jm (19)

Step 6. Calculate the ranking value for each alternative partner using total aggregate values of each
alternative. A partner's choice A, is directly proportional to its ranking value. A higher-ranking value

implies a more desirable and superior alternative.

Step 7. Assemble all alternatives in descending order of ranking value, then select the one with the highest
rank as the ideal alternative.

4.2 Case Study

In illustrating the credit risk assessment process for strategic potential partners, we employ a case study to
elucidate the proposed MCDM technique form on the GGIVFFWA operator within the structure of [VFFSs.
To contextualize this, imagine a financial activity aiming to assess the credit risk of three partners, denoted
as A4, A,, and A, as a preliminary investigation.

In alignment with the financial enterprise’s development strategy, the manager chooses to evaluate potential
strategic partners under three criteria: Character (C;), Capacity (C,), and Condition (C3). Notably, during
the decision evaluation process, both the experts i.e. advisers ap, , h = 1,2, 3 and deciders di, k = 1, 2, may
experience uncertainty in articulating precise judgements. Therefore, to model such ambiguity and
hesitation, the preference values are expressed using interval-valued Fermatean fuzzy numbers (IVFFNs)
in Rani and Mishra (2022).

Considering the operators employed in MCDM techniques, illustrative scenarios can effectively
demonstrate the capability of IVFFSs to represent uncertain information. This section emphasizes the effect
of the GGIVPs on credit risk evaluation outcomes and the functioning of the GGIVFFWA operator. The
weighted vectors for advisers are specified as @ = (0.37,0.19,0.44)7, for criteria as w =
(0.25,0.35,0.40)7, and for deciders as p = (0.75,0.25).

Interval-valued Fermatean fuzzy decision-matrices F* = (qu)3x3 , provided by adviser ap, h = 1,2, 3,

are in Table 1 using Equation (15). The GGIVPs matrix created by two deciders, is represented in Table 2
as G = (¥nr)ix2 by Equation (16).

The matrix F* = (qu)w3 , does not need to be normalized, as all criteria are benefit criteria. If the criteria
are benefit and cost, then it should be normalized by Equation (17). The GGIVFFWA method, based on the
parameters follows a straight forward calculation procedure. Initially, aggregated values are computed by
Equation (18) to combine the variables y,; ,k = 1,2 and qu ,q = 1, 2,3. Consequently, the cumulative

values are obtained through this process; these are
C'(4,) =([0.0737,0.2107],[0.3591,0.5420] ), C1(4,) = ([0.0800,0.2158],[0.3308, 0.5238]),
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C'(43) = ([0.1546,0.3711],[0.2848,0.4802]), C*(4,) = ([0.0737,0.2935],[0.3118, 0.5050]).

Similarly,

C?(A,) = ([0.1856,0.3857],[0.2705,0.4686]), C>(4,) = {[0.0723,0.2920],[0.2876,0.5238]),
C?(A3) = ([0.1000,0.3030],[0.2844, 0.5238]), C2(4,) = ([0.0756,0.3223],[0.3191, 0.4987]).

and

C3(A;) = ([0.0433,0.1651],[0.5131,0.6791]), C3(A,) = ([0.0311,0.1743],[0.5111,0.7265]),
C3(43) = ([0.0460,0.1862],[0.5781,0.7152]), C3(4,) = {([0.0401,0.1507], [0.5679,0.7187]).

By Equation (19), total aggregate values are
C(A;) =([0.0817,0.2239],[0.4101, 0.5883]), C(4;) = ([0.0570,0.2120],[0.4019, 0.6195]),

C(A,) = ([0.0964,0.2768],[0.4138,0.5919]), C(4,) = ([0.0593,0.2361],[0.4259,0.5979]).

Table 1. Interval-valued Fermatean fuzzy decision-matrix.

Advisers Alternative\Criteria [ C, Cy
Ay ([0.3, 0.5], [0.2, 0.4]) ([0.1.0.4], [0.4, 0.5]) ([0.2, 0.3], [0.3, 0.4])
a A, ([0.2,0.41,[0.3,0.4]D ([0.1,0.2],[0.3, 0.4]) ([0.3,0.5],[0.2, 0.4])
: A ([0.1, 0.31,[0.5, 0.6]) ([0.2,0.71,[0.1, 0.3]) ([0.6, 0.8], [0.1, 0.2])
A, ([0.3,0.41, [0.5, 0.6]) ([0.1,0.31,[0.3, 0.5]) ([0.2,0.71,[0.1, 0.2])
Ay ([0.2,0.4],[0.4,0.5]) ([0.4, 0.5], [0.3, 0.5]) ([0.7,0.8], [0.1, 0.2])
A, ([0.3, 0.6], [0.2, 0.7]) ([0.1, 0.4], [0.2, 0.3]) ([0.2, 0.5], 0.3, 0.6])
e A, ([0.4,0.7]1,[0.2, 0.3]) ([0.1, 0.4], [0.3, 0.5]) ([0.3,0.4], [0.2, 0.5])
A, ([0.2, 0.31, [0.4, 0.6]) ([0.3, 0.6], [0.2, 0.3]) ([0.1, 0.6], [0.3, 0.4])
Ay ([0.2,0.41, [0.1, 0.6]) ([0.4,0.51,[0.2,0.4]) ([0.2,0.4],[0.3,0.5])
A, ([0.3,0.5],[0.4, 0.6]) ([0.1,0.51,[0.2,0.7]) ([0.2,0.4], [0.1, 0.5])
a3 A, ([0.5,0.71,[0.2, 0.3]) ([0.1,0.4],[0.4, 0.6]) ([0.1,0.2],[0.7, 0.8])
A, ([0.4, 0.5], [0.2, 0.5]) ([0.2, 0.4], [0.5, 0.6]) ([0.2, 0.3], [0.5, 0.6])
0.35 (':on'llparisonIanalysisI of alterrratives inI differenlt technic?ues
s

03 -Az

A

LA

Closeness coefficient

Figure 1. Comparison analysis of alternative in different technique.

Different techniques
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Table 2. Group generalized interval-valued parameters.

Deciders\Advisers a, a, az
d, ([0.2, 0.4], [0.3, 0.5]) (10.3, 0.6], [0.2, 0.4]) (0.1, 0.3], [0.6, 0.7])
d, ([0.5, 0.71, [0.2, 0.3]) ([0.4, 0.51, 0.3, 0.4]) (0.2, 0.5], [0.3, 0.4])
Table 3. Comparison analysis.
Techniques Ay A, Aq A, Ranking order Optimal alternative
IVPFWA 0.1838 | 00583 | 02468 | 0.1783 Ay> A, >4, > A A
[Peng and Yang, 2016] : . : : 3 1 4 2 3
IVPFWG
[Garg, 2017] 0.1404 | 00317 | 0.1924 | 0.1461 Ay > A, > A > 4, As
IVPE-TOPSIS
[Garg. 2017] 0.0802 | 00242 | 03109 | 0.1040 Ay > A, > A, > A, A,
ISF
[Garg. 2018] 02436 | 0.0625 0.3383 0.2606 Ay > A, >4, >4, Ay
IVPF-WDBA
[Peng and L, 2019] 0.1424 | 0.0347 | 0.2038 0.1551 Ay > A, > A > 4, Ay
IVFF-WSM
[Rani and Mishra, 2022] 0.1678 0.0514 | 0.2201 0.1598 Ay > A, > A, > A, A,
IVFF-WPM
[Rani and Mishra, 2022] 0.1421 0.0228 | 0.1900 | 0.1457 Ay > A, > A > A, A,
IVFF-WASPAS
[Rani and Mishra, 2022] 0.1443 0.0371 0.2051 0.1527 Ay > A, >4, > 4, Ay
Proposed-GGIVFFWA 03260 | 03226 | 0.3447 0.3298 A, > A, > A, > A, A,

The ranking values of each potential strategic partner are as R(C(4;)) = 0.3260,R(C(4,)) =
0.3226, R(C(A3)) = 0.3447, and R(C(4,)) = 0.3298. So, the sequence of ranking order is A3 > A, >
A > A,

Comparison analysis

035 T

03

Closeness coefficients

IVPFWA

IVPFWG
IVPF-TOPSIS

ISF

IVPF-WDBA
IVFF-WSM
IVFF-WPM
IVFF-WASPAS
Proposed-GGIFVFW

A1 A2 A3 A4
Alternatives

Figure 2. Comparison analysis of alternative in specific techniques.

5. Result Analysis
In order to evaluate the utility of the suggested method, we provide a comparison analysis along with an
explanation of the ranking values of each alternative in credit risk evaluation. The purpose of this analysis
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is to illustrate the proposed approach's effectiveness, consistency, and practical relevance when applied to
real-world problems with decision-making that are ambiguous and vague.

5.1 Discussion

In situations where the data are ambiguous or inconsistent, interval-valued sets provide a more accurate
representation than traditional fuzzy values. These representations enable decision-makers to incorporate
hesitancy and insufficient information in a more realistic way. Therefore, incorporating IVFFSs becomes
essential. The presence of membership degrees (MD) and non-membership degrees (ND) imposes
limitations on the currently used FFS techniques and restricts their ability to handle parametrizations
effectively. As aresult, standard FFS-based models may fail to represent the full range of uncertainty present
in credit risk evaluation situations.

Consequently, the MCDM problem is directly related to proposed representation. In this paper, we introduce
the GGIVFFWA algorithm. A credit risk assessment with strategic partners is used to demonstrate the
effectiveness of the proposed operator with the MCDM framework. This application simulates a real-world
decision-making environment in which several criteria and expert opinions must be examined
simultaneously. Selecting the most suitable strategic partner represents a practical, real-world application
that the algorithm can successfully address. These selection problems are important in financial decision-
making because they have a direct impact on organizational risk exposure and long-term stability.

The results conform the validity and applicability of the proposed methodology. The generated ranking
results clearly discriminate between competing alternatives and provide useful insights for decision-makers.

After ranking all available alternatives using the proposed algorithm, alternative A5 is identified as the
optimal partner. The rankings obtained using existing methods are also compared, and the best option
determined by the proposed technique aligns with these results, further confirming the reliability and
robustness of the approach. This consistency across different methodologies enhances confidence in the
proposed framework.

Using the proposed GGIVFFWA operator, the author deduced the ranking values of the alternatives as
0.3260, 0.3226, 0.3447, and 0.3298, respectively. These values show clear preference differences between
the choices, even in an ambiguous decision context. Based on the results, the final rating of the alternatives
Az > Ay > A > A,. Therefore, Az is identified as the optimal option for credit risk evaluation. The results
indicate that A; demonstrates exceptional performance across all categories, notably in terms of credibility,
repayment capacity, and external conditions.

5.2 Comparison with Existing Techniques

To identify the most suitable alternatives, we compare the proposed method in this section with several
established approaches reported in the literature, including those by Garg (2017, 2018), Peng and Yang
(2016), Peng and Li (2019), and Rani and Mishra (2022). All the results for the alternatives are summarized
in Table 3. This comparison study gives a thorough examination of the suggested method's relative
performance against well-known decision-making strategies. Also, the relative closeness index exhibits a
consistent trend of increase or decreases among the alternatives presented in Table 3. Consequently, the
proposed method provides consistent clarification of MCDM problems in both FFS and IVFFS
environments. This displays the consistency of the ranking results across several fuzzy representations.

The corresponding closeness values, in comparison with the conventional MCDM approach, are illustrated
in Figure 1. Moreover, the comparison of these methods indicates that alternative A3 emerges as the optimal
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choice, presented in Figures 1 and Figure 2. The agreement of the optimal alternative across different
methods further confirms the strength of the proposed GGIVFFWA-based framework. Since, this problem
includes only four alternatives, the results produced by the proposed method may not appear fully
conclusive. However, as the number of alternatives increases, the distinctions in the outcomes will become
more pronounced. This designates that the proposed method is particularly appropriate for large-scale
decision-making problems.

For large sets of criteria and alternatives, the GGIVFFWA operator methodology outperforms the other
techniques reported in Garg (2017, 2018), Peng and Yang (2016), Peng and Li (2019), and Rani and Mishra
(2022). The improved performance can be attributed to the suggested operator's ability to successfully
aggregate interval-valued data while keeping uncertainty characteristics. The effective and reasonable
MCDM problems cab solved with the GGIVFFWA technique due to realistic data processing. As a result,
the suggested method provides a dependable and effective decision-making tool for complicated credit risk
assessment and strategic partner selection problems.

6. Conclusions

By introducing the hypothesis of IVFFSs, this work aims to increase the scope of uncertain information
that decision-making experts can represent by enabling them to specify the MD and ND for a class of
possibilities using interval-based descriptions. We have outlined the fundamental operational rules of
IVFFSs in terms of IVFFNs. Firstly, with respect to the effective postulates of idempotency, boundedness,
and monotonicity, the GGIVFFWA operator has been studied using group generalized parameters.
Secondly, a GGIVFFWA-based methodology has been developed to address the MCDM problem in terms
of two types of decision-makers that is, decider and adviser. Lastly, a case study on the credit evaluation
process for potential partners in risk management has been presented using [VFFSs to illustrate the efficacy
and usability of the developed methodology. Lastly, compared the proposed method with several existing
techniques, demonstrating its convenience and effectiveness.

We intend to develop additional aggregation operators for IVFFSs in the future research. Furthermore, we
will apply the GGIVFFWA operator to introduce new MCDM problems and investigate several practical
applications, including image processing, project selection, health care, the energy sector, and
transportation, electronic waste management, etc. Additionally, the proposed methodology can be expanded
to sustainability-focused decision-making problems like plastic waste management (Mandal and Seikh,
2023) and biomedical waste management (Seikh and Mandal, 2023), thereby representing its potential
implication in complex environmental and public health sectors.
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