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Abstract 

Crack interaction studies play a crucial role in understanding and predicting the fracture behaviour of various engineering 

components subjected to thermomechanical loads. The present work investigates the interaction effect of multiple cracks in 

different types of material subjected to thermoelastic loadings using Element free Galerkin method (EFGM). These materials 

include isotropic material, orthotropic material, functionally graded material, and layered material. These all materials are subjected 

to thermoelastic loads in presence of multiple cracks to investigate the effect of crack interactions. A novel modified Intrinsic 

enrichment has been proposed to precisely capture the interaction effect and stress fields in the presence of multiple cracks. The 

proposed algorithm has been tested for a benchmark problem and it produced better stress fields in comparison to the conventional 

EFGM procedure. Stress intensity factors corresponding to variations in crack parameters have been evaluated concerning with the 

primary crack. Results reveal that presence of multiple cracks alters the crack tip stress fields owing to the interaction effect i.e 

shielding or amplification. Additionally, parameters such as crack length, crack orientation, distance between cracks, and domain 

properties greatly influence the stress intensity factor of the primary crack. These parameters exhibit varying behaviour under 

distinct circumstances, and their effects have been thoroughly analysed. Current work provides valuable insights into the effects of 

crack interactions in different media under thermoelastic loadings, thereby ensuring the structural integrity and durability of these 

materials for practical applications. 
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1. Introduction 
Understanding the behaviour and integrity of materials under various conditions is a critical aspect of 

engineering. Complexity of applications in the modern world has led to the development of various types 

of materials like composites, graded materials etc. (Miteva, 2014; Awasthi et al., 2021). Most engineering 

components experience failures in both mechanical and thermal conditions during their operational lifespan. 

These combined thermo-mechanical loads generate singular stress fields around the regions of 

discontinuities like voids, cracks etc. Manufacturing and machining of such materials create some kinds of 

microcracks on the surface of materials thereby affecting their performance (Nusier & Newaz, 1998; 

Kolednik et al., 2010) These cracks act as regions of high-stress singularities which may lead to failure of 

components. Presence of one or multiple cracks in a component makes it vulnerable to high stresses. Proper 

estimation of stresses around these cracks is necessary for avoiding any catastrophic failure. Crack 

interaction studies play an important role in understanding the behaviour and integrity of materials under 

varying conditions (Ouinas et al., 2010; Yan & Miao, 2012). The interaction between multiple cracks within 

a structure can significantly affect its mechanical properties, like strength and fracture toughness. 

Investigating crack interactions helps engineers and researchers identify potential failure mechanisms, 
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develop effective mitigation strategies, and enhance the durability and safety of engineering components. 

Bisht et al. (2015) used Finite element method to analyze multiple crack interactions in a rectangular plate, 

revealing intensification and shielding effects with crack offset distance and non-desirability of close crack 

proximity for structural integrity. Vivekanandan & Ramesh (2020) investigated the impact of interacting 

internal cracks on edge cracks in a transient thermal stress field using digital photo-thermoelastic 

experiments and finite element analysis. Mishra et al. (2019) studied the behaviour of piezoelectric 

components with multiple cracks under thermo-electro-mechanical loading using the extended finite 

element method and decoupled thermo-electro-elastic problems, predicting stress intensity factors. Pathak 

(2020) analysed the interaction of multiple cracks in functionally graded materials (FGMs) under mixed 

mode mechanical and thermal loading, using extrinsically enriched Extended Finite Element (XFEM) 

approach to model crack discontinuities and exponential law to represent the heterogeneous material 

property. Mishael et al. (2023)proposed a general methodology for numerically simulating stress intensity 

factor (SIF) and crack growth in marine structures, considering interaction effects and crack coalescence, 

and provided insights for fatigue analysis of offshore wind structural components. The literature reveals the 

use of different analytical and computational tools in analysing the effect of crack in components. The most 

common computational methods are finite element method, finite difference method, boundary element 

method etc. Over time, numerous methodologies have been devised within Finite Element Method (FEM) 

(Yaghi & Becker, 2004) to examine stress distribution at the crack tip. Nonetheless, in FEM, a crack must 

align with the boundaries of finite elements, which entails utilizing a conformal mesh and specialized 

elements to account for asymptotic stress field at crack tip. Consequently, the process of modelling and 

simulating discontinuities and defects using FEM becomes intricate and burdensome. Continuous 

advancements in these mesh-based methods led to the evolution of various mesh-free methods. Various 

computational methods like Extended finite element method, and other meshfree methods have recently 

gained some significance is the crack interaction problems. Mesh-free methods rely only on nodal points 

for constructing approximations, which effectively eliminates the drawbacks inherent in mesh-based 

methods. Out of these Element free Galerkin method (EFGM) (Belytschko et al., 1994) has contributed 

most to the simulation of fracture problems (Zhang et al., 2019; Kumar & Ghosh, 2021). EFGM stands out 

among other mesh-free techniques employed in fracture problems due to its ability to eliminate the need 

for re-meshing and redistribution of nodal data. In EFGM only nodal data is required and discretizes the 

domain by inserting the gauss points of some order in between the nodes for the interpolation. The nodal 

approximation is achieved through the Moving Least Squares (MLS) method, while numerical integration 

is conducted by establishing a simplified "mesh" of rectangular cells. These cells are used to define 

integration points and their corresponding weights. The concept of nodal influence domain is utilized to 

obtain the shape functions and derive the nodal stiffness matrix. Since EFGM has emerged as a significant 

tool in the application of fracture problems, Subsequent attention has been directed towards refining and 

enhancing its capabilities to increase flexibility and efficiency beyond its conventional form (Garg & Pant, 

2018a; Awasthi & Pant, 2022). This enhancement can be in the form of computational accuracy or 

versatility in dealing with complex problems. The novelty of current study lies in the exploration of crack 

interaction studies using the Element free Galerkin method (EFGM) under thermomechanical loading 

conditions which have not been significantly explored. Modification in the existing intrinsic enrichment for 

crack interaction study has also been proposed for accurately modelling and evaluating the crack interaction 

effect. Moreover, the implementation of EFGM for crack interaction study in diverse materials also adds to 

the worth of proposed work. 

 

Paper has been organized in six sections. First part highlights the introduction of different approaches for 

handling crack interaction problems. In the second section basic introduction of Element free Galerkin 

method have been presented for providing insights for modelling of different kind of materials. Section 

three discusses the Interaction integral required in evaluation for stress intensity factors for different kind 

https://link.springer.com/article/10.1007/s11340-019-00561-9#auth-A_-Vivekanandan
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of materials. In section four the newly proposed modified intrinsic enrichment has been proposed. In section 

five, one benchmark problem has been simulated to present the efficiency of proposed criterion along with 

other crack interaction problems in thermoelastic loadings in different kind of materials. Last two sections 

comprise of conclusions drawn from present study followed by references. 

 

2. Element Free Galerkin Method Formulation 
The evaluation of field variables in EFGM is based on Moving least square (MLS) approximations. MLS 

was initially developed by Ouinas et al. (2010), Lancaster & Salkauskas (1981) for data interpolation. Their 

idea was subsequently implemented in EFGM for the evaluation of the field variable 𝑢ℎ(𝑥) given by the 
relation: 

𝑢ℎ(𝑥) = ∑ 𝑝𝑗(𝑥)𝑎𝑗(𝑥)𝑚
𝑗=1 = 𝑝𝑇(𝑥)𝑎(𝑥)                                                                                                            (1) 

 

Here 𝑝𝑇(𝑥)  is complete basis function vector and 𝑎(𝑥)  represents vector of undetermined coefficients 
given as given as (Pant et al., 2010): 

𝑝𝑇(𝑥) = [1, 𝑥, 𝑦, 𝑥𝑦, 𝑥2, 𝑦2. . .  . . . 𝑥𝑘′
, 𝑦𝑘′

]                                                                                                   (2) 

𝑎𝑇(𝑥) = [𝑎1(𝑥), 𝑎2(𝑥)……𝑎𝑛(𝑥) ]                                                                                                             (3) 
 

Value of shape function is determined by evaluating 𝑎(𝑥), which is calculated for any point 𝑥,  Quadratic 
form of weighted least square sum (𝐿(𝑥))  is given as (Pant et al., 2011b): 

𝐿(𝑥) = ∑ 𝑤(𝑥 − 𝑥𝐼
𝑛
𝐼=1 )[𝑝𝑇(𝑥) 𝑎(𝑥) − 𝑢𝐼]

2                                                                                                   (4) 

 

Here, 𝑤(𝑥 − 𝑥𝐼)  is represents weight function associated to node 𝐼 , having 𝑛   number of nodes inside 

influence domain linked to point (𝑥) . After implementing minimization using 𝛿𝐿
𝛿𝑎⁄ = 0 , leads to the 

equation as (Pant et al., 2011b): 

𝐴(𝑥)𝑎(𝑥) = 𝐵(𝑥)𝑢                                                                                                                                        (5) 
 

where, 

𝐴(𝑥) = ∑ 𝑤(𝑥 − 𝑥𝐼) 𝑝(𝑥𝐼)𝑝
𝑇(𝑥𝐼)

𝑛
𝐼=1                                                                                                             (6) 

𝐵(𝑥) = {𝑤(𝑥 − 𝑥1) 𝑝(𝑥1), (𝑥 − 𝑥2) 𝑝(𝑥2), (𝑥 − 𝑥3) 𝑝(𝑥3)……(𝑥 − 𝑥𝑛) 𝑝(𝑥𝑛)}                                      (7) 
 

Now substituting the value of 𝑎(𝑥) from eq. (5) in the eq. (1), approximation function obtained is given as: 
𝑢ℎ(𝑥) = ∑ 𝜑𝐼(𝑥)𝑢𝐼

𝑛
𝐼=1                                                                                                                                      (8) 

 

Here 𝜑𝐼 is the meshfree shape function, given by the relation as: 

𝜑𝐼(𝑥) = ∑ 𝑝𝑗(𝑥)(𝐴−1(𝑥)𝐵(𝑥))
𝑗𝐼

= 𝑝𝑇𝐴−1𝐵𝐼
𝑚
𝑗=1                                                                                           (9) 

 

In this MLS approximation choice of weight function ( 𝑤(𝑥 − 𝑥𝐼))  greatly effects the accuracy of 

approximation. Its continuity and smoothness are directly linked with continuity and smoothness of shape 

function (𝜑𝐼(𝑥)). Expression of cubic spline weight function taken in current study is given as (Singh, 
2005): 

𝑤(𝑥 − 𝑥𝐼) = (

4𝑟3 − 4𝑟2 + 2
3⁄ 𝑟 ≤ (1 2⁄ )

−4𝑟3

3⁄ + 4𝑟2 − 4𝑟 + 4
3⁄ (1 2⁄ ) < 𝑟 ≤ 1

0 𝑟 > 1

)                                                                    (10) 
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Here, 𝑟 =
|𝑥−𝑥𝐼|

𝑑𝑚𝐼
  where (𝑥 − 𝑥𝐼)  is distance between node (𝑥𝐼 ) and evaluation point 𝑥 , 𝑑𝑚𝐼  is domain of 

influence of node (𝑥𝐼). Consider a 2D FGM domain bounded by 𝜞, under the action of various forces as 

shown in Figure 1. Here  �̄� is displacement vector and �̅� is traction force.  

 

 
 

Figure 1. Domain representation with boundary conditions. 

 

 
Governing equation of equilibrium for linear thermoelastic problems is given by relation (Pant et al., 

2011b): 

∇. 𝜎 + 𝑏 = 0 in Ω                                                                                                                                           (11) 
−∇𝑞 + 𝑄 = 0 with 𝑞 = −𝑘∇𝑇                                                                                                                        (12) 
 

Here, σ is stress tensor, 𝜖 is strain tensor, 𝑏 is body force vector, 𝑄 is heat source, 𝑞 is heat flux vector, 𝑢 is 
displacement vector, 𝛼 is thermal expansion coefficient. 
𝜎 = 𝐷 (𝜖𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙 − 𝜖𝑡ℎ𝑒𝑟𝑚𝑎𝑙),    𝜖𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙 = ∇𝑆𝑢,  𝜖𝑡ℎ𝑒𝑟𝑚𝑎𝑙 = 𝛼(𝑇 − 𝑇𝑂)𝐼                                            (13) 
 

Here, D is material constant matrix. D matrix for different types of materials under plane stress condition 

is given as: 

 

(i) Isotropic material 

𝑫 = (
𝐸

1−𝜈
) [

1 𝜈 0
𝜈 1 0

0 0
(1−𝜈)

2

]                                                                                                                                      (14) 

 

where, 𝐸 is young’s modulus and 𝜈 is poisons ratio. 
 

Crack 

𝜞𝒖 �̄� 

�̅� 

𝜞 

𝜞𝒕 

𝒙𝟏 

𝒙𝟐 

 

𝑬, 𝝊, 𝒌, 𝜶 

𝜴 
𝜽 

𝒓 

Gauss point 
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(ii) Functionally graded material 
𝐸 = 𝐸(𝑥) = 𝐸(𝑥1, 𝑥2), 𝜐 = 𝜐(𝑥) = 𝜐(𝑥1, 𝑥2) 

𝑫(𝒙) = 𝐸(𝑥)
(1 − 𝜈(𝑥)2)⁄ [

1 𝜈(𝑥) 0
𝜈(𝑥) 1 0

0 0
(1−𝜈(𝑥))

2

]                                                                                                  (15) 

 

Here (𝒙) signify the geometry parameter for variable properties at different locations in the domain. 

 

(iii) Orthotropic material 

𝑫 =

[
 
 
 
 

1

𝐸1
−

𝜈12

𝐸1
0

−𝜈12

𝐸1

1

𝐸2
0

0 0
1

𝐺12]
 
 
 
 

                                                                                                                                                (16) 

 

(iv) Bimaterial 

𝑫𝒊 = (
𝐸𝑖

1−𝜈𝑖
) [

1 𝜈𝑖 0
𝜈𝑖 1 0

0 0
(1−𝜈𝑖)

2

]                                                                                                                                           (17) 

 

Here 𝑖 signify the number of materials in the bimaterial, each having its own material properties. Langrage 
multiplier approach have been used to enforce essential boundary conditions depending upon the type 

domain. So, discrete equations have been obtained as (Pant et al., 2011a): 

[
𝐾 𝐺
𝐺𝑇 0

] [
𝑇
𝜆
] = [

𝑓𝐼
𝑅𝑘

]                                                                                                                                                    (18) 

 

where, 𝐾𝐼𝐽 = ∫ [
𝜑𝐼,𝑥

𝜑𝐽,𝑦
] [

𝑘𝑥 0
0 𝑘𝑦

]
Ω

[
𝜑𝐼,𝑥

𝜑𝐽,𝑦
] 𝑑𝛺,  𝑓𝐼 = ∫ 𝑄𝜑𝐼𝑑𝛺

Ω
 , 𝐺𝐼𝐾 = ∫ 𝜑𝐼𝑁𝑘𝑑𝛤

𝛤𝑇 
 and 𝑅𝑘 = ∫ �̅�𝑁𝑘𝑑𝛤

𝛤𝑇 
. 

 

and from Eq. (11) and Eq. (14). Discrete equations obtained are as follows: 

[
𝐾 𝐺
𝐺𝑇 0

] [
𝑢
𝜆
] = [

𝑓
𝑅
]                                                                                                                                           (19) 

 

where, 𝐾𝐼𝐽 = ∫ 𝐵𝐼
𝑇𝐷𝐵𝐽Ω

𝑑𝛺 , 𝑓𝐼 = ∫ 𝐵𝐼
𝑇𝐷𝜖𝑇𝑑𝛺

Ω
+ ∫ 𝑡̅𝜑𝐼𝑑𝛤

Ω
 , 𝐺𝐼𝐾 = −∫ 𝜑𝐼𝑁𝑘𝑑𝛤

𝛤𝑢 
  and 𝑅𝑘 =

−∫ �̅�𝑁𝑘𝑑𝛤
𝛤𝑢 

, 𝑁𝐾 = [
𝑁𝐾 0
0 𝑁𝐾

], 𝐵𝐼 = [

𝜑𝐼,𝑥 0

0 𝜑𝐼,𝑦

𝜑𝐼,𝑦 𝜑𝐼,𝑥

], D is material constant matrix as specified in Equations 

(14-17). 

 

Crack is modelled in current work using the full intrinsic enrichment criteria. In this there is no physical 

crack present in domain, but presence of a crack is ensured by incorporating additional terms into the basis 

function, known as enrichment terms. The selection of these enrichment terms depends upon the level of 

accuracy required. A full or complete intrinsic enriched basis function for linear elastic fracture mechanics 

problems can be given as (Pant et al., 2011a): 

𝑃𝐸(𝑥) = [1 𝑥 𝑦 √𝑟 sin
𝛳

2
√𝑟 cos

𝛳

2
√𝑟 sin

𝛳

2
sin𝛳 √𝑟 cos

𝛳

2
sin𝛳]                                                        (20) 
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Here 𝑟 and 𝛳 are crack tip parameters as shown in Figure 1. First three terms of enriched basis function 
(𝑃𝐸(𝑥)) are linear basis functions and remaining trigonometric functions are enrichment terms. Number of 
terms in the enriched basis function decides the accuracy of approximation but this increases size of stiffness 

matrix so its inversion becomes quite cumbersome. 

 

3. J-Integral Formulations for Different Materials 
The interaction integrals employed for computing stress intensity factors for different types of materials are 

briefly discussed as follows: 

(i) Interaction integral for isotropic materials under mechanical loading (Pant et al., 2010): 

𝑀(1,2) = ∫ [𝜎𝑖𝑗
(1) 𝜕𝑢𝑖

(2)

𝜕𝑥1
+ 𝜎𝑖𝑗

(2) 𝜕𝑢𝑖
(1)

𝜕𝑥1
− 𝑊𝑈𝛿𝑖𝑗]

𝜕𝑞

𝜕𝑥𝑗𝐴
𝑑𝐴                                                                                        (21) 

 

(ii) Thermal interaction integral for isotropic materials under thermal loading (Pant et al., 2010): 

𝑀(1,2) = ∫ [𝜎𝑖𝑗
(1) 𝜕𝑢𝑖

(2)

𝜕𝑥1
+ 𝜎𝑖𝑗

(2) 𝜕𝑢𝑖
(1)

𝜕𝑥1
− 𝑊𝑈𝛿𝑖𝑗]

𝜕𝑞

𝜕𝑥𝑗𝐴
𝑑𝐴 + 𝛼 ∫

𝜕𝑇

𝜕𝑥1
𝜎𝑘𝑘

2 𝑞𝑑𝐴
𝐴

                                                        (22) 

 

Here, T is Temperature applied, 𝛼 is coefficient of thermal expansion and 𝜎𝑘𝑘 is thermal stress.  

 

(iii) Thermal interaction integral for orthotropic materials under the thermal loading (Jia et al., 2015): 

𝑀(1,2) = ∫𝐴   [(𝜎𝑖𝑗
(1) 𝜕𝑢𝑖

(2)

𝜕𝑥1
+ 𝜎𝑖𝑗

(2) 𝜕𝑢𝑖
(1)

𝜕𝑥1
) −

1

2
(𝜎𝑖𝑗

(1)
휀𝑖𝑗

(2)
+ 𝜎𝑖𝑗

(2)
휀𝑖𝑗
∗ ) 𝛿1𝑗]

𝜕𝑞

𝜕𝑥𝑗
𝑑𝐴 + ∫𝐴   [𝜎𝑖𝑗

(2)
𝛼𝑖𝑗

(1) 𝜕𝑇

𝜕𝑥1
] 𝑞𝑑𝐴     (23) 

 

where, 휀𝑖𝑗
∗ = 휀𝑖𝑗

(1)
− 𝛼𝑖𝑗

(1)
(𝑇1

(1)
− 𝑇o

(1)
), superscript 1 is for actual state and 2 for auxiliary state. 

 

(iv) Thermal interaction integral for functionally graded media under the thermal loading (Bhardwaj et al., 
2021): 

𝑀(1,2) = ∫ {𝜎𝑖𝑗
(1) 𝜕𝑢𝑖

(2)

𝜕𝑥1
+ 𝜎𝑖𝑗

(2) 𝜕𝑢𝑖
(1)

𝜕𝑥1
−

1

2
(𝜎𝑖𝑘

(1)
휀𝑖𝑘

(2)
+ 𝜎𝑖𝑘

(2)
휀𝑖𝑘
(1)

)𝛿𝑖𝑗}𝐴

𝜕𝑞

𝜕𝑥𝑗
𝑑𝐴  ∫ {

𝜕𝜎𝑖𝑗
(2)

𝜕𝑥𝑗
− 𝜺𝒌𝒍

(𝟏) 𝜕𝐶𝑖𝑗𝑘𝑙

𝜕𝑥1
𝜺𝒊𝒋

(𝟐) +
𝐴

𝜎𝑖𝑗
(2) (

𝜕𝛽

𝜕𝑥1
∆Ө + 𝛼

∆Ө

𝜕𝑥1
)} 𝑞𝑑𝐴                                                                                                                        (24) 

 

where, 𝛼 = 𝛼(𝑥) is thermal expansion coefficient and ∆Ө is temperature gradient. 
  

(v) Thermal interaction integral for bimaterial under the thermal loading (Garg & Pant, 2018b): 

𝑀(1,2) = ∑ ∫ [𝜎𝑖𝑗
(1) 𝜕𝑢𝑖

(2)

𝜕𝑥1
+ 𝜎𝑖𝑗

(𝟐) 𝜕𝑢𝑖
(1)

𝜕𝑥1
− 𝑊𝑈𝛿1𝑗]𝐴𝑚

𝜕𝑞

𝜕𝑥𝑗
𝑑𝐴2

𝑚=1 + ∑ α∫
𝜕𝑇

𝜕𝑥1
𝜎𝑘𝑘

(2)

𝐴𝑚
𝑞𝑑𝐴2

𝑚=1                     (25) 

 

where, 𝑚 is particular material in the bimaterial, 𝑞 is weight function whose value is unity at tip of crack 
and zero on J integral contour. 

 

4. Modified Intrinsic Enrichment 
In conventional EFGM the formation of a Global stiffness matrix [𝐾]𝐼𝐽 is solely dependent on the attributes 

of the primary crack. This leads to an inaccurate assessment of fields in case where multiple cracks are 

present in the domain. This makes the modelling of unequal cracks and their subsequent interactions 

difficult. When multiple cracks are present in the domain, the conventional EFGM utilizes the concept of 

minimum normalized distance which means the equation points gets the contribution form the nearest crack 

tip only inspite of presence of other cracks. Due to the inherent complexity of dealing with multiple cracks 
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of varying sizes and their interactions, the existing criterion encounters significant difficulty. To overcome 

such problems, this study introduces modifications to the current intrinsic enrichment criterion, enabling it 

to effectively accommodate multiple cracks of all sizes. So, a modification in the framework of EFGM in 

assembly of Global stiffness matrix has been presented to accurately evaluate the field variables in case of 

multiple cracks. Initial step of the current approach is evaluation of distances of evaluation point to all 

present crack tips. Distances are then normalized by corresponding crack lengths. The relative contributions 

of different crack tips within a domain are determined by their normalized distances from respective crack 

tips. So, according to the current criterion, each crack contributes to the formation of Global stiffness matrix 
[𝐾]𝐼𝐽 at each evaluation point. The level of contribution is calculated from the normalized distances such 

that the crack tip near to Gauss point will have a higher contribution than the other cracks. Consider a plate 

having three cracks 𝑐1, 𝑐2 𝑎𝑛𝑑  𝑐3 as shown in Figure 2.  

 

 
 

Figure 2. Crack tip parameters for three cracks in plate along with evaluation point. 

 
Gauss points location with respect to different crack tips is given as: (𝑐1, 𝜃1), (𝑐2, 𝜃2)(𝑐3, 𝜃3). Now for each 
evaluation point, the distance is calculated from each crack tip as: 𝑟1, 𝑟2, 𝑟3. These distances are normalized 

by the consecutive cracks lengths as: 𝑑1 =
𝑟1

𝑐1
 , 𝑑2 =

𝑟2

𝑐2
  , 𝑑3 =

𝑟3

𝑐3
   Now the contribution factor (𝑅)  is 

calculated as: 𝑠1 = 𝑑1
𝐶
, 𝑠2 = 𝑑2

𝐶
, 𝑠3 =  𝑑3

𝐶
, here 𝐶 is the predefined constant whose value is evaluated 

using sensitivity analysis and its acceptable value has found to be from -50 to-100. Now, 𝑠 = 𝑠1 + 𝑠2 + 𝑠3. 

Now Contribution factor corresponding to each crack tip is given as: 𝑅1 = 𝑠1/𝑠, 𝑅2 = 𝑠2/𝑠 and 𝑅3 = 1 −
𝑅1−𝑅2. So corresponding global stiffness gets modified as: 
[𝐾]𝑡𝑜𝑡𝑎𝑙 = [𝐾]1 × 𝑅1 + [𝐾]2 × 𝑅2 + [𝐾]3 × 𝑅3                                                                                                  (26) 

 

For N number of cracks Eq. (26) gets modified as: 

[𝐾]𝑡𝑜𝑡𝑎𝑙 = [𝐾]1 × 𝑅1 + [𝐾]2 × 𝑅2 ………… . [𝐾]𝑁 × 𝑅𝑁 = ∑ [𝐾]𝑘 × 𝑅𝑘
𝑁
𝑘=1                                                      (27) 

 

The proposed criterion takes into account the influence of all cracks at every evaluation point within the 

domain. As a result, it can be effortlessly applied to analyse scenarios involving multiple cracks, involving 

different lengths and orientations. 
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5. Results and Discussions 

5.1 Isotropic Plate under Mechanical Loading 
In the current study a rectangular plate having dimensions 𝑊 = 100 𝑐𝑚 , 𝐻 = 200 𝑐𝑚 having multiple 

cracks is considered. The material selected for present study is taken as ASTM 36 steel having properties 

(Beer, 2011; Bhardwaj et al., 2021): Youngs modulus (𝐸) = 200 𝐺𝑃𝑎,  Poisson’s ratio ( 𝑣) = 0.3 
Coefficient of thermal expansion (𝛼) = 11.7 × 10−6𝐾−1. The plate is having three cracks such that the 

first crack (𝑎1 = 50𝑚𝑚)  is on the left edge of the plate, second crack (𝑎2 = 40𝑚𝑚)  is located at a 
distance of 115 cm from the bottom edge in the right side of plate. The third crack (𝑎3 = 40𝑚𝑚) is located 
at 85 cm from bottom edge in the right side of the plate. First and second crack are oriented horizontally 

while the third crack is inclined at angle 30°  to horizontal as shown in Figure 3. Domain has been 
discretized by taking of 800 (20 × 40) nodes. Far field stress field of 100 MPa is applied at the top edge 

of plate. Boundary conditions have been shown in Figure 3. Mode I and Mode II Stress intensity factor at 

the left crack tip with variation in crack orientation of third crack have been evaluated. Stress intensity 

factor have been calculated using Eq. (21) following similar methodology to reference (Pant et al., 2010). 

Figure 4 (a) and Figure 4 (b) shows comparison of 𝜎𝑦𝑦 stress fields evaluated using the conventional EFGM 

and proposed modified enrichment respectively. From Figure 4 it can be clearly seen that modified 

enrichment gives better stress fields in comparison to conventional EFGM for interacting cracks. Variation 

of Mode I and Mode II stress intensity factor for left crack tip with variation in crack orientation of second 

crack (𝑎2) have been shown in Figure 5. Mode I SIF initially increased and then decreased with the with 

an increase in crack angle as shown in Figure 5 (a). While value of Mode II SIF initially decreased and then 

increased with an increase in crack angle as shown in Figure 5 (b). Results clearly indicate that the 

orientation of secondary crack has significant influence in stress intensity factor at the left crack tip. 

 

 

 
 

Figure 3. Crack tip parameters for three cracks in plate along with evaluation point. 
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Figure 4. 𝜎𝑦𝑦 profile (a) Conventional intrinsic enrichment (b) Modified intrinsic enrichment. 

 

 

 
 

Figure 5. Variation of SIF(𝑀𝑃𝑎√𝑚) at left-tip with crack angle (second crack) (a) Mode I (b) Mode II. 

 

5.2 Isotropic Plate under Thermal Loading 
A rectangular plate having multiple cracks subjected to thermoelastic loading have been considered in 

current problem. Dimensions of plate are as: 𝑊 = 100 𝑐𝑚  , 𝐻 = 200 𝑐𝑚 ,  Major crack length (𝐴) =
20𝑐𝑚, Initial minor crack length (𝑎) = 10𝑐𝑚. The material selected for present study is taken as ASTM 

36 steel having properties (Beer, 2011): Youngs modulus (𝐸) = 200 𝐺𝑃𝑎,  Poisson’s ratio (𝑣) = 0.3 .  
Coefficient of thermal expansion (𝛼) = 11.7 × 10−6𝐾−1 . Thermal boundary conditions include 

temperature of −50℃ on the top edge, 50℃ on the bottom edge and thermal insulation on the remaining 

edges. Mechanical constraints along with boundary conditions have been shown in Figure 6 (a). 

Discretization of domain have been done by taking 20 nodes in x-direction and 40 nodes in y-direction that 

is total of 800 nodes. Temperature difference between the top and bottom edge of plate causes the generation 
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of heat flux in the domain. Since both the cracks lie across the range of heat flux so they generate 

discontinuity in thermal fields which can be clearly seen from Figure 6 (b) and (c). Obtained thermal fields 

are used as an input in evaluation of stresses and eventually evaluating stress intensity factors. Variation of 

Mode I and Mode II Stress intensity factor at the left crack tip with an increase in crack increment of right 

crack have been shown in Figure 7. Stress intensity factor (SIF) have been calculated using Eq. (22) 

following similar methodology to reference (Pant et al., 2010). Mode II SIF for the left crack increased with 

crack increment of right crack up to 0.2m or 20cm which declined afterwards whereas no significant change 

in Mode I SIF with respect to crack increment was observed. 

 

 

 
 

Figure 6. (a) Problem geometry with boundary conditions (b) Temperature profile (c) Thermal contours. 

 

 

 
 

Figure 7. Variation of Mode I and Mode II SIF(𝑀𝑃𝑎√𝑚) at left crack tip with crack increment (𝑚) of right crack. 
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5.3 Orthotropic Plate under Thermal Loading 
In the current problem crack interaction in orthotropic media under thermal loading have been studied. 

Dimensions of plate along with boundary conditions have been shown in Figure 8 (a). The material selected 

for present study is taken as orthotropic Glass/Epoxy having properties (Pasternak, 2012): 𝐸1 =
55 𝐺𝑃𝑎, 𝐸2 = 21 𝐺𝑃𝑎,  𝐺12 = 9.7 𝐺𝑃𝑎,  𝜗12 = 0.25  𝛼11 = 6.3 × 10−6𝐾−1, 𝛼22 = 2 × 10−5𝐾−1 

, 𝑘11 𝑘11⁄ = 3.46/0.35.  Cracks has been modelled as an isothermal boundary where they are maintained 
at a temperature of 00𝐶. All edges of plate are placed at the temperature of 100𝐶. Discretization of domain 
involves taking total of 800 nodes (20 × 40). Continuous temperature fields have been observed around 
crack surface which is a property of isothermal boundary as shown in Figure 8 (b) and (c). Mode I and 

Mode II Stress intensity factor for right tip of the lower crack have been evaluated using Eq. (23) following 

similar methodology to reference (Jia et al., 2015). Stress intensity factor is normalised by 10 × 𝐸2𝛼22√𝜋𝑎. 
Various of distance between both the cracks along with the crack length have been evaluated and compared 

with reference results (Pasternak, 2012) as shown in Figure 9 (a) and (b). 

 

 

 
 

Figure 8. (a) Problem geometry with boundary conditions (b) Temperature profile (c) Thermal contour. 
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Obtained results have been in good agreement with the reference results. Values of Mode I SIF initially 

increased with the increase in 𝑑 𝑊⁄  ratio and finally decreased, whereas Mode II SIF gets varied in its 

reverse manner. This indicates that the distance between two cracks and crack length are the major 

parameter influencing the stress intensity factors. 

 

 

 
 

Figure 9. Variation of mode I and mode II SIF(𝑀𝑃𝑎√𝑚) for right tip of the lower crack with d/W ratio (a) a/W= 

0.3 (b) a/W= 0.5. 

 

 

5.4 Functionally Graded Plate under Thermal Loadings 
In the current problem multiple crack interaction under thermal loading have been studied. Dimensions of 

functionally graded plate along with boundary conditions have been shown in the Figure 10 (a). Rectangular 

plate (100𝑚𝑚 × 200𝑚𝑚)  consists of two edge cracks (𝑎 = 20𝑚𝑚)  on right edge and left edge 
respectively, along with one inclined centre crack (𝐴 = 30𝑚𝑚)  in between them. Thermal boundary 
conditions include 20° C on left edge and 200° C on right edge. Top and bottom edges have been kept 
insulated. Left and right edges of plate have been mechanically constraint for displacement in horizontal 

direction. Bottom left corner node is restrained in both horizontal and vertical direction. Discretization in 

current problem is done by taking 800 𝑛𝑜𝑑𝑒𝑠 (20 × 40) . FGM plate considered in current example 

consists of aluminium alloy on left side which grades towards ceramic on right side. Material properties of 

this FGM plate are given in Table 1 and are varied as follows: 

 

𝐸(𝑥) = 𝐸𝑎𝑙𝑢𝑚𝑖𝑛𝑢𝑚𝑒𝛼𝑥,   𝑤ℎ𝑒𝑟𝑒 𝛼 = (1 𝐿) × ln(𝐸𝑐𝑒𝑟𝑎𝑚𝑖𝑐 𝐸𝑎𝑙𝑢𝑚𝑖𝑛𝑖𝑢𝑚⁄ )⁄                                                         (28) 

𝑉𝑐𝑒𝑟𝑎𝑚𝑖𝑐(𝑥) =
𝐸(𝑥)−𝐸𝑎𝑙𝑢𝑚𝑖𝑛𝑢𝑚

𝐸𝑐𝑒𝑟𝑎𝑚𝑖𝑐−𝐸𝑎𝑙𝑢𝑚𝑖𝑛𝑢𝑚
                                                                                                                            (29) 

𝑉𝑎𝑙𝑢𝑚𝑖𝑛𝑖𝑢𝑚 = 1 − 𝑉𝑐𝑒𝑟𝑎𝑚𝑖𝑐(𝑥)                                                                                                                          (30) 

𝜈(𝑥) =
(𝜈𝑎𝑙𝑢𝑚𝑖𝑛𝑖𝑢𝑚×𝑉𝑎𝑙𝑢𝑚𝑖𝑛𝑖𝑢𝑚(𝑥)×𝐸𝑐𝑒𝑟𝑎𝑚𝑖𝑐)+(𝜈𝑐𝑒𝑟𝑎𝑚𝑖𝑐∗×(𝑥)×𝐸𝑎𝑙𝑢𝑚𝑖𝑛𝑖𝑢𝑚

(𝑉𝑎𝑙𝑢𝑚𝑖𝑛𝑖𝑢𝑚(𝑥)×𝐸𝑐𝑒𝑟𝑎𝑚𝑖𝑐)+
                                                                   (31) 
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𝛼(𝑥) = 𝛼𝑎𝑙𝑢𝑚𝑖𝑛𝑖𝑢𝑚𝑒𝛹𝑥 𝑤ℎ𝑒𝑟𝑒 𝛹 = (1 𝐿) × ln(𝛼𝑐𝑒𝑟𝑎𝑚𝑖𝑐 𝛼𝑎𝑙𝑢𝑚𝑖𝑛𝑖𝑢𝑚⁄ )⁄                                                            (32) 

𝑘(𝑥) = 𝛼𝑎𝑙𝑢𝑚𝑖𝑛𝑖𝑢𝑚𝑒𝛿𝑥 𝑤ℎ𝑒𝑟𝑒 𝛿 = (1 𝐿) × ln(𝑘𝑐𝑒𝑟𝑎𝑚𝑖𝑐 𝑘𝑎𝑙𝑢𝑚𝑖𝑛𝑖𝑢𝑚⁄ )⁄                                                          (33) 

 

Here 𝐸 is Youngs modulus, 𝑉 is volume fraction, 𝜈 is poisons ratio, 𝛼 is coefficient of thermal expansion 
and 𝑘 is thermal conductivity. 
 

Table 1. Material properties of constituents of FGM (Pathak, 2020). 
 

Material 𝑬 (GPa) 𝝂 𝜶 ∗ 𝟏𝟎−𝟔 ℃−𝟏 𝑲 (𝑊 𝑚⁄ ℃) 

𝐴𝑙𝑙𝑜𝑦 70 0.3 25 200 

𝐶𝑒𝑟𝑎𝑚𝑖𝑐 360 0.25 8.2 30 

 

 
Clear discontinuity in thermal fields is observed across Inclined centre crack as clearly seen from Figure 

10 (b) and (c). However, no discontinuity in thermal fields is observed around the edge cracks as they are 

parallel to the heat flux. Crack across the thermal heat flux in acting as a barrier for heat transfer whereas 

crack along it does not affect the thermal heat flux. Obtained thermal fields are then used as an input in 

evaluating stresses and eventually Stress intensity factors. Mode I and Mode II stress intensity factors for 

the centre crack for both tips with variation in its orientation have been evaluated in the present study. Stress 

intensity factor (SIF) have been calculated using Eq. (24) following similar methodology to reference 

(Pathak, 2020). Stress intensity factors obtained at both tips have been compared with reference results 

(Pathak, 2020). Obtained results have been in good agreement with the reference results as clearly seen 

from Figure 11 (a) and (b). For the left tip, the values of both Mode I and Mode II SIF decreased with an 

increase in crack angle whereas for the right tips the values of SIF initially increased and then decreased.  

 

 

 

 
 

Figure 10. (a) Problem geometry with boundary conditions (b) Temperature profile (c) Thermal contours. 

𝐿 A 

𝑊 

T
=

 2
0

0C
 

q=0 

q=0 

ϴ 

a a 

T
=

 2
0
0

0
C

 

(a) (b) (c) 



Awasthi & Pant: Numerical Investigation of Thermoelastic Crack Interactions in Various … 
 

 

1126 | Vol. 8, No. 6, 2023 

 
 

Figure 11. Variation of mode I and mode II SIF(𝑀𝑃𝑎√𝑚) for center crack with its crack orientation angle (a) Left 

tip (b) Right tip. 

 

 

5.5 Bimaterial Plate under Thermal Loading 
In the current problem multiple crack interaction in bimaterial rectangular plate under thermal loading have 

been studied. Bimaterial plate (203.2 mm × 152.4 mm) consists of one interfacial crack (𝑎 = 20𝑚𝑚) and 

sub interfacial crack (𝑐 = 20𝑚𝑚)  which are placed such that longitudinal distance (d) between two cracks 

is 0 mm and vertical distance between the two is 2.5mm as shown in Figure 12 (a). Thermal boundary 

conditions are: 200°C on the top edge, -200°C on the bottom edge, right and left edges are kept insulated 

for any heat transfer. Crack has been modelled as an adiabatic boundary. Bimaterial constitutes of S45C in 
upper region and Si3N4  on the lower region. Properties of bimaterial are given as: (Ouinas et al., 

2010)  ESi3N4
= 206 GPa, ES45C = 304 GPa,  𝑣Si3N4

= 0.30,  𝑣S45C = 0.27, αSi3N4
= 12 × 10−6, αS45C =

3 × 10−6, 𝑘Si3N4
= 42.7 W/mk−1, 𝑘S45C = 43 W/mk−1. Where 𝐸 is Youngs modulus, 𝜈 is poisons ratio, 

𝛼 is coefficient of thermal expansion and 𝑘 is thermal conductivity of the respective materials.  
 

Bimaterial plate has been discretised by total of 800 nodes. Both interfacial and sub-interfacial cracks are 

across the direction of heat flux which generates discontinuity in thermal fields as clearly seen from Figure 

12 (b) and (c). There fields are utilized for evaluation of thermal stress. Values of mode I and mode II stress 

intensity factor at interface edge crack (𝑎) have been evaluated for variation of vertical distance (h) with 
respect to sub interfacial crack. Stress intensity factor (SIF) have been calculated using Eq. (25) following 

similar methodology to reference (Garg & Pant, 2018b). These results have been presented in Figure 13. 

Mode I Stress intensity factor showed irregular pattern however Mode II stress intensity factor decreased 

with an increase in offset distance between the cracks. This indicates that postion of subterface crack 

significantly influences the SIF of the primary interfacial crack. 
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Figure 12. (a) Problem geometry with boundary conditions (b) Temperature profile (c) Thermal contours. 

 

 

 
 

Figure 13. Variation of mode I and mode II SIF (𝑀𝑃𝑎√𝑚) for interface edge crack with offset distance(𝑚𝑚). 

 

6. Conclusions 
Study focused on the analysis of multiple cracks in various types of materials subjected to thermoelastic 

loadings using Element Free Galerkin method. Different kinds of materials like isotropic material, 

orthotropic material, functionally material graded and bimaterials have been subjected to thermoelastic 

loadings in presence of multiple cracks. Results show that crack interactions have significant effect on the 

stress intensity factors. Modified enrichment presented in current work is more versatile than conventional 

enrichment in case of crack interactions. Also, parameters like crack length, crack orientation, distance 

between cracks, domain properties have significant effect on the stress intensity factor of the primary crack. 

This study gives insight into the effects of crack interactions in different kind of media under thermoelastic 

loadings. Thereby ensuring the structural integrity and durability of such materials for practical applications. 
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This enhanced EFGM algorithm's effectiveness can be expanded to address crack interactions in complex 

3D fracture problems involving intricate shapes and different types of loadings. 
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