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Abstract

Fluid flow modeling using fuzzy boundary conditions is one of the viable areas in biofluid mechanics, drug suspension
in pharmacology, as well as in the cytology and electrohydrodynamic analysis of cerebrospinal fluid data. In this article,
a fuzzy solution for the two immiscible fluid flow problems is developed, which is motivated by biomechanical flow
engineering. Two immiscible fluids, namely micropolar and Newtonian fluid, are considered with fuzzy boundary
conditions in the horizontal channel. The flow is considered unsteady and carried out by applying a constant pressure
gradient in the X-direction of the channel. The coupled partial differential equations are modeled for fuzzy profiles of
velocity and micro-rotation vectors then the numerical results are obtained by the modified cubic B - spline differential
quadrature method. The evolution of membership grades for velocity and microrotation profiles has been depicted with
the fuzzy boundaries at the channel wall. It is observed that Micropolar fluid has a higher velocity change than Newtonian
fluid, and both profiles indicate a declining nature toward the interface.

Keywords- Fuzzy boundary conditions, Immiscible fluids, Unsteady flow, Differential quadrature method.

1. Introduction

Fluid flow problems with the fuzzy inference control system have a variety of applications in
transpiration convection of rocket engines and gas turbines, heat relaxation conditions in buildings,
modeling of cross-flow desalination processes, and physiological fluid flow transportation in the
blood vessels. To gain the best approximation of complex scientific problems, Chetia and Hazarika
(2000) investigated the impact of fuzziness on dynamical similarity and Reynold's number. Many
authors have examined uncertainties in the Couette, Magnetohydrodynamics fluid flow problems
with fuzzy conditions (Barhoi et al., 2018; Borah et al., 2020). Rajeev (2008) worked at three spatial
dimensional fuzzy fluid dynamics by constraining flow velocity. He suggested a spin consistent
small range cut-off in the formulation of an ideal fluid flow. Chen et al. (2018) proposed a new
approach for solving two-dimensional Navier-Stokes equations with a fuzzy technique.

Many physiologically useful fluids do not follow the Newtonian law of viscosity and are known as
non-Newton fluids. Micropolar fluid is one of the non-Newtonian fluids that has drawn the interest
of many researchers across the globe. Micropolar fluids comprise animal blood, lubricating
solutions, complicated physiological structures, and some copolymer mixtures. Micro polarity was
defined and discussed by Eringen (1968). Eringen micropolar fluid comprises tiny-sized
microelements that display angular motion as a microrotation vector and have the spine effect.
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Peddieson (1972) obtained empirical results, for balanced shear segment flow from a micropolar
fluid. Apparao et al. (2013) discovered that a micropolar fluid seems to be a more prominent strain
passage through a channel than a Newtonian fluid. The microstructure's impact on the blood's
physicochemical characteristics was detailed by Kang and Eringen (1976). Devakar and lyengar
(2013) explored the time-dependent development of micropolar fluid in two channels. In a
particular corridor with a limited real canal, Mekheimer and El Kot (2008) explored blood supplies
utilizing the micro-structured liquid. Wang et al. (2016) inspected the movement of micropolar
liquids into a smaller scale parallel framework. Some current examinations and overviews on
micropolar liquid forms can be seen in (Abdel-Wahed, 2017; Akbar et al., 2018; Farooq et al.,
2019; Ziabakhsh et al., 2009).

Major advancements in hydrology, materials processing, and contemporary oil production gear
have all been linked to the immiscible viscous fluid. Borrelli et al. (2017) considered two
immiscible Newtonian liquids in the duct and examined the magneto-convection impacts on
streamline behavior. The thermal, entropy generation, and hydrodynamic analysis of two
immiscible fluids through the porous wall are done by Srinivas et al. (2015), Srinivas and Murthy
(2016a), Srinivas and Murthy (2016b). Umavathi et al. (2009) proposed a solution of two
immiscible liquid flows in a composite permeable media for the fully formed laminar flow between
parallel plates. In addition, there are some brief findings in (Bird, 2002; Singh, 2005; Singh et al.,
2004; Umavathi et al., 2005; Umavathi et al., 2008) about the behavior of immiscible laminar fluids
flowing between parallel plates.

The time constraint in the flow processing is one of the important aspects thus, the consideration
of the time-dependent stream of immiscible fluids is perfect for their biomechanical and
hydrological applications (Ali et al., 2019; Chamkha et al., 2020; Hamid et al., 2019; Jiang et al.,
2018). Arora and Bhatia (2020) applied the radial basis function in the time-dependent differential
equation. There are several numerical techniques such as the Crank—Nicolson scheme, explored by
Shuaib et al. (2020), and the finite element method (FEM) by Ali et al. (2019) for dealing with the
unstable time-dependent flow. Devakar and Raje (2018) numerically investigated the time-
dependent flow of some immiscible fluid through a duct by the Crank—Nicolson scheme. The
differential quadrature (DQ) approach proposed by Bellman et al. (1972) is one of the suitable
numerical techniques to simulates the linear and nonlinear coupled partial differential equations.
Quan and Chang (1989a, 1989b) expanded the DQM by modifying the basis function. Different
other test functions such as Lagrange addition polynomials, sink, and spline, cubic, and modified-
cubic B-spline are utilized in (Arora et al., 2019; Civan, 1993; Jiwari and Alshomrani, 2017; Mittal
and Jain, 2012; Shan et al., 2008; Shu et al., 2007; Shu and Richards, 1992) for the calculation of
weighting coefficients in DQM. Vaid and Arora (2019) used the quintic spline basis function to
solve the delay differential equation. The differential quadrature method provides a good agreement
for approximating the derivatives and solved the unsteady flow problem (Katta et al., 2020b;
Ramesh and Joshi, 2019).

The physiological flow phenomena become uncertain with various imprecise characteristics and
conditions (Chaube et al., 2010; Katta et al., 2020a; Tripathi et al., 2021). It is difficult to provide
accurate predictions with crisp variables and conditions. The simulation with fuzzy variables and
boundary conditions can provide a better degree for the decision-making process in biomedical and
microfluidics processes. Given the importance of micropolar liquids, no effort was made to
investigate the unstable consistency of fuzzy boundary conditions for two immiscible micropolar
and Newtonian fluids. In this paper, we considered the time-dependent flow of two immiscible
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micropolar blood and Newtonian fluids with fuzzy boundary conditions in the horizontal channel.
The fuzzy solution is obtained numerically by solving coupled partial differential equations using
the modified cubic B-spline differential quadrature method.

1.1 Nomenclature
The following Table 1 describes the different notations/symbols used in the paper.

Table 1. The nomenclature used for various symbols and notations.

p Density co-efficient u Velocity of fluid
YLl, 6 Viscosity coefficients w Microrotation
f Body force per unit mass 3 Body couple per unit mass
A1, 25,45 Gyro-viscosity coefficients T Gyration co-efficient
p Fluid pressure at any point U, The velocity of micropolar fluid
P 1l Density, the viscosity of the micropolar fluid Ur, The velocity of the Newtonian fluid
P2y Uz Density, the viscosity of the Newtonian fluid s, Microrotation of micropolar fluid
[ Vortex viscosity of the micropolar fluid a, An alpha cut of fuzzy set
1, Micropolar parameter Re Reynolds number
r Ratio of viscosity ) Ratio of density
Wi_(jl) Weighting coefficient of 1% order derivative M/if].z) Weighting coefficient of 2" order derivative

2. Basic Equations
The micropolar fluid flow governing equations are provided by Eringen (1968).

pe +V.(pu) =0 )
p_z_’t‘zpf—Vp+6|7xw—(u+6)|7x|7><u+()/1+2,u+5)‘7(‘7-u) @)
p_TZ_‘;’=p§—26a)+5l7xu—/11|7><|7><a)+(ll+/12+l3)‘7(|7-w) )

Here p is the density co-efficient, u is the velocity of fluid, ¥4, 4 and 6 are viscosity coefficients, w
is the microrotation, f is the body force per unit mass, ¢ is the body couple per unit mass, 7 is the
gyration co-efficient, A;,1, and A3 are gyro-viscosity coefficients, p is the fluid pressure at any
point. In the absence of micro rotational effect (w = 0,5 — 0), equation (2) can be reduced to the
following Newtonian fluid flow equation.

]
p.a—?z pf —Vp—uVxVxu+y,+201)V(V.u) 4)

3. Mathematical Formulation

Consider the unsteady, laminar, and unidirectional flow of two immiscible - micropolar and
Newtonian fluids - undergoing shearing motions. The following assumptions are being made for
the momentum of the flow:

e Both fluids are viscous and move between two horizontal parallel non-porous plates.

o Both plates are believed to be electrically non-conductive. The plates are located in the X-Z
plane as depicted in Figure 1.
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Figure 1. The geometrical configuration of the mean flow of two immiscible fluids.

e Both plates are stable while the flow get momentum by the uniform pressure gradient applied
from x-direction and maximum flow velocity is Uj.

o Letp 4, u, be the density and viscosity of micropolar fluid which lies in (—k <y < 0) and
possesses a linear fluid velocity us microrotation (angular velocity) Wy, VOrtex
viscosity 6;, gyro-viscosity A,, and gyration parameter .

o The Newtonian fluid has a density p , and viscosity u,,fluid velocity us, and occupies the
region (0 < y < k).

* Both fluids are incompressible so V. us =0, V. ug, = 0.

e The evolution of velocity and micro-rotation profiles is analyzed by using uncertain boundary

conditions. Let x be the fuzzy variable then the fuzzy boundary condition for both velocity and
micro- rotation profiles is 7, 4 _;_(x) defined as:

Let X be the universal space of fuzzy variable and a,b and c € X such that a < b < c then a
triangular fuzzy number 7, 4 _; with membership grade 7, 4_;_(X) is defined as:

(0 x<a )
% a<x<b
Thdg,ic(X) = lé:; whered, =b—a,i.=c—»b (5)
lc_b b<x<CJ
0 x>c

Figure 2 represents the membership grade of 7j, 4 _; -
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Figure 2. Triangular fuzzy number t, 4_; With its membership grade.

e The flow is unidirectional so linear and angular velocities for both region fluids are assumed
as:

ur = (. (1,0,0,0) 4y, = (U, (v,£),0,0). and wy = (0,0, wy (v, 1)).

Using the aforementioned assumptions, the two-fluid governing equations (2), (3), and (4) can then
be simplified as:

Region-1 for Micropolar fluid (—k < y < 0):

aufl _ ap awfl azufl

17 ¢ ——a+517+(#1+51) 3y (6)

120020, T 5 20, + 2y (7)
P1T 5 179y2 EEf1 T ey

Region-II for Newtonian fluid (0<y <k):

ou 0%u
fa _ dp 1o
P23 =75 TH 9y2 (8)

The fuzzy conditions are considered at the boundaries with the alpha cut a, — [0,1] of fuzzy set.
These conditions can be written as follows in numerical terms.

Initial conditions: Att < 0,
ufl(y,t) =0 for —k<y<O0

wp ) =0 for —k<y<0 )
ur, () =0 for0<y<k

Fuzzy boundary and interfacial conditions: At t > 0,
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w (k1) = <uf1(—k, 0,17, (—he, ), %7 (e x)) — (a,1,2—a,) )
up, (6 0) = (1, (), up, U0, 47,06 ) = (1,2 = )

wop, (I 0) = (@, (k2,07 (— 1), 07, () ) = (e, 1,2 = @)

g (10)
Ufl(o, t) = Ufz(o, t)
_ 10,
wr, (0,8) = =5
aufz aufl
u27=(,ul+51)7+a)f151aty=0 )
Introducing the non-dimensional parameters:
R LUy Pl e U M
Y=Y T Ty W T, Y T k’p_pluoz’ \|
__tUOA_ 51 ith _kzM ] _51
t=— A = (ul + 7) T,with T = k“, Micropolar parameter n; = ™ (11)
I
Reynolds number Re = %UO, the ratio of viscosity r; = %, and density r, = Z—ZJ
1 1 1

The constant pressure Ge(t) —Vp = —dp/dx with t > 0 is considered to get numerical results.

After dropping the bars and introducing the above non-dimensional parameters, appropriate initial,
interfacial, and fuzzy boundary conditions, the equations (6)-(8) can be simplified as:

Region-1 (—k < y < 0) (Micropolar fluid region):
duy, ny 007, | (ny+1)0%us,
o = Ge(t) + Re

oy Re  0y2 (12)
du
dwp,  (B241)0%wp, Mo+ 051)
at — Re ay? - Re (13)

Region-11 for Newtonian fluid (0<y <k):
Dy _ Ge®) 4 1 T, (14)

at ,Re  1,Re 0dy?
Equation (9)-(10) are considered as initial and fuzzy boundary conditions with k = 1.

4. Numerical Solution

To analyze the fuzzy solution for velocity and microrotation profile with fuzzy boundaries, the
microrotation vector, and micropolar fluid velocity is calculated in the domain (-1 < y < 0) using
the velocity vector of micropolar fluid, and then the velocity vector of Newtonian fluid is obtained
in (0 <y < 1). We employ unified discretization of the domain [a, b] in spline-based differential
quadrature method with phase length h:a =y, <y, <--<y,_4 <y, = b, such that y;,; —
y; = h on the real axis. The 1% and 2" order derivatives of up ,wy ,and uy are obtained

concerningy as: Fori = 1,2,3,...,nandj =1,2,...,N.
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D>

awf
-2 =2 WP ar (30)
6 (A)f
= 2= WP wy, (v),t)
0
Z? =2 W ur (30)
>
62uf
ayzl = Z] 1W( )ufl(y]" t)
[i]
Zgz N, W( )ufz(Yj; t)
0%uy N @
e = Zim Wy ur (98))

(15)

Here M/ifj.l) M/ifj.z) are the weighting coefficients of 1% and 2" order derivatives (Katta et al., 2020b;
Ramesh and Joshi, 2019) for n discrete knots (y4, y2, ... V) derived from the updated B-spline

functions. The cubic B-spline at knots is defined as Katta et al. (2020b).
((v-vj-2) ve [yj-2,¥j-1)

| Oy) =4 -ym)” velyouy)

i =33) (a2 =9)’ =40 —9) ve [y yie)

(}’j+2 —Y)B, ye[}’j+1;}’j+2)
0, otherwise.

(16)

where {@o(¥), ©1(V), 92 (¥) ..., +1(¥)} are the basis function over the region [a, b]. The basis
function is updated as follows to get a system of equations that could be expressed by a diagonal-

dominated matrix, Katta et al. (2020b).
Y1(v) = 01(¥) + 290 (y)
Y2 (0) = 02(¥) — 9o ()
Vi) =¢j,forj=3,..N—2
Y1) = on-1 (V) — §0N+1()’)J
Yn) = on (V) + 20511 (¥)

The derivative of the basic functions are as follows:

(3(y - j-2)", Y€ [Yj-2,¥j-1)
) 3(y - yj-2) —12(y = y5-1)", yeDj-1.¥)
P57 =35) =3(0ja2— )" + 120541 —¥)°) ve v

2
—3(yj+2 =), Ye[Yjr1, Yj+2)
0, otherwise .
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Y0 =9",(0)+2¢',(¥)
Y, =9, ¢ ,(¥)
Y, =9, forj=3,...N =2 (19)
Yo =0, =0y, ()
P NO) =9 )+ 20"y ()

The estimate of the first-order derivative is:

ori=12,..,.N

Then using Wi,(jl) fori=1,2,...,N inequation (18) the following tri-diagonal system of equation
is established as:

— (1)_
W, - ]
l'(ll) ll)l(yl)
6 10 0 M/l',z lp,z(yi)
' & v
0410 0 o | V00
01 4 1
0 0 : = ' (21)
1410 :
0 0 01 4 0
00 1 6 o
s wz/f'v_gy)i)
) i) |
| Win N

Solving the above system the weighting coefficients {Wl(P ,ng) ,Wl(l\l,)} , {Wz(i)
WZ(;) Wz(i,)} {Wléll) ,Wlélz) . Wléll\?} of 1* order derivatives of linear and angular velocities

are obtained and then the value ofW(z) fori =1,23..N,j =1,2,3...N is calculated as follows:

w,? = 2w (Wf.“ - L) for i # j
J J Yi=Yj (22)
2 2 , .
()_ Zl 1l#=_] l(_]) l=]
Substituting the estimation of the 1%t and 2" order derivatives by MCB-DQM scheme, equations
(12)-(14) can be written as:

Region-1 ( —k < y < 0) (Micropolar fluid region):

ou

fl—Ge(t)+"1 (2, N l(})wfl(yj,t)) ("1“) (21 L (Z)ufl(y,,t)) (23)
ow ( )

- = n;;: (21 1W(2)“’f1(y1't)) (2“’1’1+ Z Wy )”fl(yf't)) (24)

In the region (-k <y <k):
Ous Ge(t)
%ury _ _( N, mfz)ufz(y], t) ) 32_ (25)

at Re.r,
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In every step of the scheme, the equation (9)-(10) are considered as initial and fuzzy boundary
conditions with k = 1.

Thus, the linear and angular velocities U, Us, and wr, in equations (23)-(24) with fuzzy

boundaries (9)-(10) are being reduced in the following system of differential equations in time, that
is, represented as: for i=1, 2, 3..., N.

Ut Rt(u]cl wfl Ufz) (26)

The system is solved by the following strong stability B-spline RK43 scheme (Katta et al., 2020b;
Ramesh andjoshi 2019).

U =Up + —* Ro(uf1 W ) ufz) (27)
Uu,=U, + —* Rl(uf1 Y Wf ufz) (28)
U =20+ +—* Ra(up Uy ) (29)
Uy=U;+ —* R3(uf1 »Wf ufz) (30)

5. Result and Analysis

The unstable flow of two immiscible micro polar blood and Newtonian fluid with fuzzy boundary
conditions is examined in the horizontal channel based on the time-dependent pressure gradient,
and the fuzzy solution for velocity and micro rotation vector profiles has been achieved.

The obtained numerical results are validated by comparing them in the case of, non-micropolar
(angular velocity wp, = 0, vortex viscosity 6; = 0, which leads to the Micropolar parameter n, =

% = 0) and single Newtonian fluid in the horizontal channel with the exact solutions.
1

0.5 || —@—Numerical Solution 05 —6— Numerical S_olution
—&— Exact Solution —=— Exact Solution
> 0 N 0
For t=0.5 and Re =2
For t=1 and Re =2
05 ABSE = 0.000044009 0.5
RMSE = 0.000032649 ABSE = 0.0000073771
RMSE = 0.0000053067
- y S,
01 -0.05 0 0.05 0.1
Velocity £0.01  0.005 vglgc’.ty 0.005  0.01
Figure 3. Comparison of present numerical Figure 4. Comparison of present numerical
result with an exact solution at t=0.5. result with an exact solution at t=1.
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It is observed from above Figure 3 and Figure 4, that a good agreement is reported between the
numerical and the exact solution for the limiting case. The absolute and root mean square errors
very less and also declining with time. It is also worth mentioning that the accuracy of the method
increases by rising the discretized points.

The fuzzy solution, the evolution of membership grade, and grayscale image of the solution are
obtained with the following constant value of the parameters Ge =10,Re =2, r, =0.5,, =0.5, n,
=0.5,t=05.

! S —— Newtonian fluid |
0.8 % 1
B __a
06 1l 82 4
0.4+ 8
0.2 .

5 ol— Interface

\ |

0.01
0.4 1

-0.6

o
1

Micropolar blood

-0.8 1
-0.01

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
Velocity

-1

Figure 5. Velocity profile with the fuzzy boundary.

Figure 6. Evolution of membership grade for velocity profile with the fuzzy boundary.
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The above Figure 5 and Figure 6 shows the fuzzy solution of velocity profiles in the both region
with the fuzzy boundary conditions ( a., 1,2 — a,.) where a, — [0,1]. As «a. is varying from 0 to
1 so the respective condition represents a triangular number (0; 1; 2). In Figure 5, the profiles ao,
a;, and azare the corresponding a-cut solution to the endpoints (0; 1; 2) of the boundary value and
it is observed that the curvature of both fluid velocities is parabolic and initially, the velocity
profiles of micropolar blood and Newtonian fluid increases with boundary value. As the lower
region fluid is denser and more viscous than the upper region so the magnitude of the flow velocity
of micropolar blood increases faster than Newtonian fluid and near the interface, both profiles show
the decreasing nature.

Figure 6 exhibits the evolution of membership grade for the fuzzy solution of velocity profiles
which with boundary (a., 1,2 — a.). The degree of membership grade evolved from 0 to 1 as the
boundary conditions at both the plates rising in the interval [0, 1] and membership profile declines
with grades 1 to 0 as the boundary conditions arise in the interval [1, 2].

Bellow Figure 7 depicts the a.-levels of the fuzzy solution for velocity profile in the grayscale
image. The scale ranging from white to black color corresponding respectively to a. varying from
0 to 1 which shows that near the center of the triangular fuzzy boundary, the membership grade of
the solution is high and near the lower vertex of the triangular fuzzy boundary, the membership
grade of the solution is low.

0.5 ‘ Newtonian fluid

:-l n = e n e . Sp—

‘ Micropolar blood

Velocity

Figure 7. Grayscale image of fuzzy solution for velocity profile with the fuzzy boundary.

1325 | Vol. 6, No. 5, 2021



Chandrawat & Joshi: Numerical Solution of the Time-Depending Flow of Immiscible Fluids... | II@EE

1 8 T T T T T T T T T

16 a, 4

12 N

10 .

Micro-rotation

-1 -0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0

Figure 8. Micro-rotation profile with the fuzzy boundary.

Boundary
Condition

Micro-roatation

Figure 9. Evolution of membership grade for a micro-rotation profile with the fuzzy boundary.

The above Figure 8 and Figure 9 shows the fuzzy solution of micro-rotation profiles with fuzzy
boundary condition ( @., 1,2 — a.) in the micropolar blood region where a, — [0,1]. In Figure 8
the solution ao, a1, and a; corresponds to the endpoints (0; 1; 2) of the a-cut of the solution and it is
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observed that initially the micro-rotation vector profile of micropolar blood increases with
boundary value and near the interface, it shows the decreasing nature. Figure 9 shows the fuzzy
solution of micro-rotation profiles which exhibits the evolution of membership grade with
boundary (., 1,2 — a.).

6. Conclusions

The fuzzy solution for the time-dependent flow of two immiscible micropolar blood and Newtonian
fluids through a horizontal channel under fuzzy boundary conditions has been analyzed. An
updated cubic B-spline differential quadrature technique for flow velocity and microrotation is
presented. The calculated numerical results are validated under the limiting case of non-micropolar
Newtonian fluid flow by comparing with the exact solution. The membership grade of fuzzy
solutions for velocity and microrotation profiles has been depicted numerically and the a.-levels
of the fuzzy solution for velocity and micro rotation profile are mentioned in the grayscale. The
core outcomes of the current work are presented hereunder.

A strong correlation is seen between the numerical and exact solutions in the limiting situation as
the absolute and root mean square errors are both so very small and also decreasing with time.

The velocity and micro-rotation vector profiles initially rise with fuzzy boundaries; however, the
profiles exhibit a decreasing character towards the interface due to the micropolar parameter impact.

Due to boundary conditions, the change in micropolar fluid velocity is greater than the change in
Newtonian fluid velocity. The velocity and microrotation patterns shift from increasing nature to
decreasing near the interface.

The current work is relevant to biomedical and materials processing systems that can be extended
with Trapezoidal fuzzy boundary conditions.
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